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CHARACTERIZATION AND NUMERICAL MODELING 
OF ADVANCED AUTOMOTIVE LIGHTWEIGHTING MATERIALS 
by 
Nengxiu Deng 
University of New Hampshire, May, 2018 
 
The automotive industry is being challenged to manufacture vehicles to meet the fuel-
efficiency, emission and crashworthiness. New generation steels such as high strength 
steels (HSS) and advanced-/ultra-high strength steels (AHSS/UHSS) are gaining 
popularity in the automotive industry due to their appealing strength-to-weight ratios. The 
utilization of these steels has prompted research to seek solutions on issues arising 
during sheet metal forming processes, e.g., springback prediction/control, edge cracking 
prediction and avoidance, formability performance prediction and enhancement, etc. This 
thesis is focused on developing experimental techniques to characterize the forming 
properties for AHSS, on exploring fundamental principles of their mechanical behavior 
and on establishing material modeling frameworks to predict the observed behaviors.  
The key ingredients for the typical material modeling framework are: the uniaxial 
hardening curve, initial and subsequent yielding surfaces, and the flow rule. To accurately 
characterize these material behavior parameters, a series of standard and novel 
mechanical tests are performed on the standard and custom testing facilities.  The 4-point 
xii 
bending, uniaxial tension and plane-strain tension tests are conducted to assess the 
elastic and plastic anisotropy and the degradation of elastic modulus after plastic 
deformation. Experiments are performed on typical automotive steels, namely DQSK, DP 
590/980/1180 and MS 1700. The measured elastic anisotropy is modeled using 
orthotropic elasticity theory. Furthermore, the plastic work contours are constructed using 
uniaxial and plane-strain tension test data and the corresponding anisotropic yield 
functions of Hill 1948 and Yld2000-2D are calibrated. 
Sheet metal forming processes are generally associated with a multi-axial stress state, 
other than uniaxial. Hence multi-axial testing is often required for accurate material 
modeling. A cruciform specimen is proposed for biaxial testing and for constitutive 
modeling of sheet metal. The proposed geometry enables large plastic deformation 
before failure occurs. Biaxial load-unload experiments are performed using the proposed 
specimen geometry and the non-linear unloading behavior associated with springback is 
established for the dual-phase steel DP 590. This non-linear unloading response is 
modeled by a combined kinematic/isotropic hardening model with the von Mises isotropic 








The pursuit of crashworthiness and fuel efficiency in automotive industry has 
stimulated research on high strength steels (HSS) and advanced high strength steels 
(AHSS). The fuel efficiency is regulated by the Corporate Average Fuel Economy (CAFE) 
standards, which are enforced by the Energy Policy and Conservation Act (EPCA), as 
amended by the 2007 Energy Independence and Security Act (EISA). The overall fuel 
efficiency set by the CAFE has increased from 18 miles per gallon (mpg) in 1978 to 27.5 
in 1985. This is followed by a national fuel economy program proposed by then-President 
Barack Obama in 2009. The new program covered vehicle model year 2012 to model 
year 2016 and aimed to achieve average fuel economy of 35.5 mpg in 2016. In 2014, the 
average new vehicle fuel economy was ramped to 30.7 mpg, see Figure 1.1. 
To meet these standards, the automotive industry is adopting AHSS, which permits 
down-gaging of the body components, i.e., lighter structures, while at the same time 
enhancing the crash performance. Figure 1.2 is an example of the 2015 Nissan Murano 
which successfully reduced the body-in-white (BIW) weight by 6% by adopting AHSS. 
Moreover, according to a study performed by Ducker Worldwide [47], the weight ratio of 
AHSS on automotive body and closure parts has increased from 15% in 2012 to 20% in 
2015, and will reach 40% in 2025. However, the higher strength of AHSS comes at the 
expense of reduced ductility, which makes them harder to form. In addition, process and 
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die design still relies to some extent on experience, which further hinders the adoption of 
AHSS. Thus, to enable the broader use of AHSS in the automotive industry, it is 
necessary to establish a scientific framework that can explain their behavior in forming, 









Figure 1.2 – Usage of AHSS on 2015 Nissan Murano (www.worldautosteel.org). 
 
The final shape of the forming part is defined by the plastic deformation of the material. 
The loading history during plastic forming is non-linear, including strain-path changes and 
unloading. The same is by definition true for multi-step forming processes, where the 
material is formed progressively, and then unloaded and transferred to the next forming 
die. After every unloading, the material experiences springback, i.e., release of the 
recoverable part of the total strain applied during forming [149]. The prediction of 
springback both at the intermediate steps and at the end of a process chain is critical for 
correct design of the forming dies, especially for the modern materials used for 
automotive lightweighting. In particular, the advanced high-strength steels develop higher 
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stresses during forming than mild steel, so that their corresponding recoverable strain is 
greater, too. Similarly, aluminum and magnesium alloys have lower moduli than steel, so 
that the recoverable strain is also greater. Furthermore, numerous manufacturing 
processes involve repeated loading and unloading, such as pulsed tube hydroforming 
([124] and [36]) and sheet drawing in a servopress [113]. For all these reasons, the 
detailed exploration and the accurate modeling of the unloading behavior of materials is 
of interest. This thesis develops and utilizes material testing techniques to characterize 
the material under loading and unloading condition to derive data to enhance material 
characterization and to develop data for modeling for metal in metal forming simulations.  
 
1.2 AN EXAMPLE – MODELING OF SPRINGBACK IN SHEET METAL FORMING 
Before proceeding, it is helpful to present a particular example of the effect of 
advanced material modeling on improving industrial simulations of sheet metal forming. 
Sumikawa et al. [139] quantified the improvement in the springback prediction for HSLA 
590 and DP 980 steels, when material behavior parameters such as Bauschinger effect, 
average Young’s modulus, elastic anisotropy and plastic anisotropy were numerically 
implemented into the finite element simulations. The springback analysis was performed 
for a curved hat-shaped part, as shown in Figure 1.3. It was found that these four material 
behavior parameters contributed differently on the prediction of torsional and closing 
angles, as presented in Figure 1.4. It concluded that a better accuracy in the springback 
prediction can be achieved if those material behavior parameters were considered in the 








Figure 1.3 – The curved hat-shaped part used by Sumikawa et al. [139] for springback 















Figure 1.4 – Comparison of experimental and calculated springback angles considering four 
material parameters for a) torsion angle for 590R steel, b) closing angle for 590R steel, c) 
torsion angle for 980Y steel, d) closing angle for 980Ysteel [139] (B.E.: Bauschinger effect, 






1.3 ELASTIC ANISOTROPY OF METALS – PRESENT STATUS 
The elastic modulus plays a key role in controlling the amount of springback, as the 
linear response contributes the most to it. The cold-rolling of sheet metal introduces 
preferred orientation in the grains, i.e., crystallographic texture.  As a result, the elastic 
(and plastic) properties show a certain degree of directionality. 
The origins of elastic anisotropy of polycrystalline metals lie in their crystallographic 
texture. Single crystals of metals are in general strongly anisotropic [31]. Polycrystals with 
random textures will be isotropic at the macroscale. However, textured polycrystals are 
expected to exhibit anisotropy. Voigt and Reuss provided estimates (summarized in [31]) 
of the effective elastic properties of polycrystals, which are now understood as upper and 
lower bounds, respectively. These estimates were later improved by Hill [68]. Chung and 
Buessem [34] measured the elastic properties by both resonance and ultrasonic methods, 
for a broad family of materials. They concluded that the V-R-H estimates are adequate 
for materials with low elastic anisotropy; however, they cast doubt on their validity when 
the anisotropy is more intense.  
Numerous more elaborate and more physically consistent models had been 
developed, e.g., [51], [67], [64] and [53], among many others. For this plethora of models, 
the question naturally arises: which offers the best approximation of reality with the 
minimum cost and complexity? For example, Ledbetter [103] summarized 8 models for 
predicting the shear modulus; Luzin et al. [112] measured the elastic anisotropy of a low-
carbon steel using an impulse excitation, 4-point bending and dynamic mechanical 
analysis methods, and examined the performance of texture-based models against these 
experiments. They found that agreement with experiments was strongly dependent on 
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the calculation scheme adopted and on the texture information available to it.  
In this work, the directionality of the elastic (Young’s modulus and Poisson’s ratio) and 
plastic (R-value) properties is investigated experimentally for five automotive steels 
(DQSK, DP 590/980/1180 and MS 1700). The 4-point bending and uniaxial tension tests 
are performed to characterize the Poisson’s ratio and Young’s modulus, respectively. It 
is interesting to note that, for one of the materials tested (DP 1180), the elastic modulus 
tends to recover after a certain amount of resting time.  
 
1.4 MODELING OF UNLOADING FROM A PLASTIC STATE – PRESENT STATUS 
Unloading of metals from a plastic state is non-linear. In addition, the stress needed 
to re-yield the material in the opposite direction is reduced. The Bauschinger effect (BE) 
refers to this reduction in yield stress when the loading direction reverses (e.g., from 
tension to compression). This phenomenon was first discovered and described by 
Bauschinger [19] on wrought iron and mild steel. More recently, Orowan ([128] and [23]) 
put forward the idea that the BE was caused by pinning and bowing of dislocation lines 
on obstacles, so that stresses imparted in the crystal in this fashion during prestraining 
added to or subtracted from the applied stress, which appeared macroscopically as 
permanent softening upon a loading reversal. Deak [37] performed torsion-reverse torsion 
experiments on polycrystalline steel, iron and copper. He highlighted the benefit of using 
increased sensitivity in the measurement of strain in improving the measurements of BE, 
which prompted us to adopt electrical-resistance strain gages in this work. Kishi and 
Tanabe [83] measured the BE on a variety of metals using torsion tests, and found that 
the decrease of the yield stress correlated very well with the prestrain using a simple 
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power-law function. Miller et al. [120] and Khan and Jackson [78] examined the BE effect 
in copper alloys and highlighted its link to the yield criterion and used the strain offset for 
definition of yielding. Morestin and Boivin [123] showed that the chord modulus of various 
steel and aluminum alloys changed with prestrain and that springback predictions were 
improved when taking this into account. Yoshida et al. [153] used a laminated sheet 
specimen to study the BE on a mild and a dual-phase DP590 steel. They observed 
transient softening and work-hardening stagnation behaviors, due to the BE, as well as a 
decrease in the Young’s modulus with increasing prestrain. Boger et al. [21] proposed a 
tension-compression experiment suitable for thin sheets and used it to study the BE for a 
variety of steels, aluminum and magnesium alloys. Kuwabara et al. [95] used an in-plane 
tension-compression testing machine to probe the tension-compression response of a 
copper and an aluminum alloy. They found anisotropy in the BE of copper. Other 
researchers studied the BE on QP980CR [157], TRIP 700 [115] and DP780 [116] steels 
and AZ31B magnesium ([59] and [60]). Chen et al., [33] measured the elastic responses 
of 12 steels using tensile testing, resonant frequency damping analysis and ultrasonic 
pulse-echo testing and highlighted the need for accurate descriptions of the elastic 
response during loading and unloading. 
Among multiaxial investigations of the BE, Chen et al., [32] loaded thin-walled low-
carbon steel tubes under combined axial load, internal pressure and torsion. They 
investigated the effect of stress-ageing on the BE and the effect of the offset strain used 
for the definition of yielding. Pavlina et al. [130], following the work of Levy et al. [108], 
measured the moduli of a mild steel during plane-strain deformation using tube inflation. 
In a series of papers, Khan and co-workers measured the elastic properties of aluminum 
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alloys prestrained multiaxially, using strain-gages ([80] and [81]). They found that the 
elastic properties changed with the prestrain and were path-dependent. Measurements 
of the biaxial unloading response of a mild and a dual-phase DP590 steel were reported 
by Andar et al. [3] using cruciform specimens. They found that the elastic properties 
reduced with plastic prestrain and proposed an exponential decay model to capture the 
unloading stress-strain response. However, the plastic deformation achieved in the 
experiment used by Andar et al. [3] was very limited due to the cruciform specimen used.  
In this work, a novel cruciform specimen is proposed and used to investigate the 
nonlinear unloading behavior.  The proposed specimen allows a large plastic strain 
without failure. The proposed specimen is validated through numerical and experimental 
techniques. The specimen provides accurate measurement of strain and convenience of 
stress calculation. This cruciform specimen is then used to perform biaxial load-unloading 
experiments on DP 590 steel.  
The pure isotropic hardening assumption, where the yield surface of the material is 
expanding uniformly in every direction, is not appropriate to represent the BE and, as a 
result, to model springback. Various kinematic hardening rules were devised for this 
purpose ([134], [162], [10], [26], [27], [30], [77], [153], [65] and [148]). In a different 
approach, Sun and Wagoner [140] proposed a model to predict the Quasi-Plastic-Elastic 
(QPE) strain, which exhibits characteristics of both elastic strain (recoverable) and plastic 
strain (energy dissipative). The model was subsequently expanded to multiaxial loading 
[105]. Furthermore, Barlat et al. [17] proposed the Homogeneous Anisotropic Hardening 
model as an alternative to classical kinematic hardening, and examined its behavior in 
capturing the BE in mild and dual-phase steels Barlat et al. [18]. Zecevic et al., [161] 
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created a crystal plasticity model suitable for dual-phase materials, using a two-level 
homogenization scheme, one for the two-phase polycrystalline aggregate and the second 
for the polycrystalline martensitic regions.  
In this work, the plastic anisotropy of 4 steels (DP 590/980/1180 and MS 1700) is 
established experimentally and modeled with advanced yield functions. For the DP 590 
steel, the cruciform specimen mentioned in the previous section is used. For the 3 other 
steels, the plastic anisotropy is probed using a plane-strain tension specimen and ASTM 
standard uniaxial tension specimens. The measured plastic work contours are then used 
to calibrate the anisotropic yield functions such as Hill 1948 and Yld2000-2D. These 
calibrated models can be used in finite element simulations of sheet metal forming. 
In addition, the Chaboche type of combined isotropic/kinematic hardening model 
incorporating with anisotropic yield function Yld2000-2D is calibrated from the biaxial 
loading-unloading experiment for the DP 590 steel. It is shown that the model with 
calibrated parameters is in a very good agreement with the experiment.  
 
1.5 OUTLINE OF THE THESIS 
In this dissertation, Chapter 2 presents experimental work on the measurement of 
elastic anisotropy of five automotive steels. The evolution of elastic modulus is also 
included. In Chapter 3, the modeling work on the measured elastic anisotropy is reported. 
An experiment to measure the shear modulus is also discussed. Chapter 4 is focused on 
the plastic anisotropy of sheet metals, including both experiments and modeling. Chapter 
5 presents a novel cruciform specimen which is used for constitutive law parameters 
identification and modeling purposes. In Chapter 6, the proposed specimen is used in 
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biaxial load-unload tests to investigate the biaxial nonlinear unloading behavior. Chapter 







ELASTIC ANISOTROPY OF AS-RECEIVED AND 
PRESTRAINED AUTOMOTIVE SHEET STEELS 
 
2.1 INTRODUCTION 
The plastic anisotropy of sheet metal has received extensive attention, due to its 
relevance to forming processes, and in particular, to the prediction of strain distributions 
and formability [14]. In addition, an ever-present concern in sheet metal forming is 
springback. This is accentuated by the modern materials that are developed for the 
transportation industry for vehicle light-weighting purposes. In comparison to the 
conventional mild steels, they exhibit either higher flow stress curves (e.g., the advanced- 
and ultra-high strength steels) or lower moduli (e.g., the aluminum and magnesium 
alloys), both of which accentuate the magnitude of springback. Springback is associated 
with the complex phenomena of unloading from a plastic state [107], [154], [111], [140] 
and [85] among many others. It is also directly dependent on the elastic properties of the 
material and, by extension, on the elastic anisotropy. It was demonstrated recently [66], 
[139] that including the elastic anisotropy in springback simulations improves the 
prediction accuracy (also see Chapter 1). 
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In this Chapter, the 4-point bending and uniaxial tension tests are used to characterize 
the elastic properties (Young’s modulus and Poisson’s ratio) on five automotive steels. 
For each steel, the directionality of the elastic properties is investigated at every 15o with 
respect to the rolling direction (RD). This procedure is repeated at different levels of plastic 
prestrains to establish the degradation of elastic modulus with the plastic deformation. 
The contents in this Chapter is excerpted from [42]. 
 
2.2 MATERIAL MICROSTRUCTURE AND STRESS-STRAIN RESPONSE 
Five steels are investigated in this study: one purely ferritic (drawing-quality, specially-
killed – DQSK), 3 dual-phase (ferritic-martensitic; DP 590, DP 980 and DP 1180, with the 
number indicating the UTS – ultimate tensile strength in MPa) and one almost purely 
martensitic (MS 1700). All are typical materials for auto-body and -structure applications. 
The DQSK sheet was received as 0.8 mm-thick, while the rest as 1 mm-thick sheets. The 
MS 1700 steel sheet exhibited some mild but visible waviness, which however has large 
enough wavelength (~ 1m) to not affect the present work. The dual-phase steels consist 
of hard martensite islands in a soft ferritic matrix, as shown in Figure 2.1. Hence, they 
behave essentially as metal-matrix composites, with the added complication that the 2nd 
phase, martensite islands, are polycrystalline, too [158]. These images were obtained in 
a TESCAN Lyra3 scanning electron microscope, using 10 kV for DQSK and 20 kV for all 
other steels. 
The martensite volume fractions of these steels range from zero to over 90%. The 






















Figure 2.1 – Scanning electron transmission micrographs of the 5 steels: a) DQSK, b) DP 
590, c) DP 980, d) DP 1180 and, e) MS 1700. In all images, the horizontal is TD and the 
vertical is ND. The martensite islands appear as light grey areas in a dark ferritic matrix. For 







Table 2.1 – Martensite volume fractions of the 5 steels 
Material Martensite volume fraction (%) 
DQSK - 
DP 590 28.1 
DP 980 55.9 
DP 1180 78.5 
MS 1700 90.3 
 
(except DQSK), 10 areas in the images of Figure 2.1 were identified, and the intercepts 
of the martensite islands with a superimposed regular grid were counted and used to 
determine the volume fractions. The counts of the 10 areas were averaged and the results 
are collected in Table 2.1. Interestingly, the nominally martensitic steel is not 100% 
martensite, as shown in Figure 2.1e. 
The engineering stress-strain curves (extracted using the Digital Image Correlation 
technique) are shown in Figure 2.2, which reveal that the strongest of these steels (MS 
1700) has a UTS 5.8 times that of the weakest one (DQSK, namely 1725 vs. 296 MPa), 
but has a total elongation only 11% of that of the DQSK (4.4% vs. 39.7%). It is found from 
Figure 2.2 and Table 2.1 that the UTS correlates almost linearly with the martensite 
volume fraction. 
The elastic properties of the 5 steels were measured using electrical-resistance strain-
gages. The measurement methods are explained in the following sections and typical 
results are shown. The properties were probed at every 15o to the rolling direction (RD). 
For every material and orientation, at least 3 replicate experiments were performed. 
17 
 
Figure 2.2 – Engineering stress-strain curves of the 5 steels of this study. 
 
 
2.3 DETERMINATION OF POISSON’S RATIO 
In the present approach, the first property that needs to be established is the Poisson’s 
ratio. For this purpose, a pure-bending test of a rectangular strip was used. Strips in 140 
x 20 mm in-plane dimensions were bent on a 4-point bending device (Wyoming CU-FL-
15) with a100 mm overall span and a 50 mm central span. Therefore, the aspect ratio of 
the bending specimen is 5:1, which is wide enough to prevent significant anticlastic 
bending from appearing, but not too wide to be considered a bona-fide plate instead of a 
strip. The rollers were well cleaned and lubricated before each test. The experiments were 
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performed on an Instron 1350 servohydraulic loading-frame using the displacement-
control with actuator velocities between 0.1~0.2 mm/s, which induced a bending strain-
rate of 0.5~1 x 10-4/s. The effect of strain-rates on the Poisson’s ratio were also studied 
in the experiment, as described in the next section. Either 2 strain-gages (Kyowa KFG-6-
120-C1-11) or one 90o rosette strain gage (KFG-2-120-D16-11) with 120 Ω resistance 
were mounted on the test specimen with one gage oriented along the bending direction 
and the other at 90 degrees to it. Each gage was connected to a separate Wheatstone 
half-bridge. Each bridge was completed with a separate gage on a dummy (i.e., non-
deforming) steel specimen, to achieve temperature compensation. The bridges were 
excited with 2.5 V DC and implemented in a National Instruments NI 9237 Input Module. 
The discussion in the transverse sensitivity of the strain gauge can be found in APPENDIX 
A. A schematic of this experiment is shown in Figure 2.3. Since the bent specimen quickly 
becomes plastic during the test, a high data acquisition rate of 160 Hz was adopted to 
ensure sufficient data points within the elastic region. The signals of the two bridges are 
then plotted against each other in Figure 2.4, which is typical for all steels examined. It 
can be seen that within the limit of elastic deformations the correlation is linear. The slope 
of this curve is reported as the Poisson’s ratio from that experiment. 
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Figure 2.4 – Typical bending and transverse strains obtained during a pure-bending test of 
DP 590. The response is linear. The slope of the fit is the Poisson’s ratio of the material in 
that orientation. 
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2.4 STRAIN-RATE SENSITIVITY OF POISSON’S RATIO 
Since it is difficult to achieve the same strain-rate in the bending and tension 
experiments, elastic cyclic bending experiments were performed at different rates to 
disclose any possible strain-rate dependence of the Poisson’s ratio. Similar to the well-
known strain-rate jump test [74], only a single specimen was used for each material in 
each cyclic test so that the specimen-to-specimen variation was eliminated. For the cyclic 
bending test, a triangular waveform was programmed into the Instron controller to 
accomplish the bending/unbending motion. The amplitude for the triangular waves was 
set to 3 mm to ensure that no plastic deformation occurred during the bending. Different 
strain-rates were achieved by varying the frequency of the triangular waveform. Seven 
different groups of cycles were carried out sequentially, as listed in Table 2.2. In each 
group, four replicate tests were conducted continuously for most of the strain-rates, 
except for 10-6 /s and 10-5 /s.  
Figure 2.5 shows the bending strain history in the cyclic bending test for DP 590 (the 
Poisson’s strain follows a similar response). The Poisson’s ratios for the DQSK and DP 
590 steels measured from the cyclic bending tests are shown in Figure 2.6, indicating that 
the ratio is strain-rate independent in the range examined. Note that, in Figure 2.6, the 
ratios were determined for each loading cycle and plotted individually in the figure, e.g., 
there are 4 values plotted for each material at !  = 10-3 /s. However, since these 
experiments were very repeatable and all tests yielded almost identical ratios, which may 




Table 2.2 – Outline of cyclic bending tests 
Cycle Group 
No. 













1 4 0.142 10-3 160 
2 1 0.000142 10-6 1.6 
3 4 0.142 10-3 160 
4 1 0.00142 10-5 16 
5 4 0.142 10-3 160 
6 4 0.0142 10-4 160 




Figure 2.5  – Time-history of bending strain in pure-bending tests with varying strain-rate. 
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Figure 2.6 – Poisson’s ratio determined from pure-bending tests with varying strain-rate, 
plotted with the strain-rate. The results establish that for DQSK and DP 590 steels, the ratio is 
rate-independent in the range examined. 
 
 
2.5 DETERMINATION OF YOUNG’S MODULUS 
The Young’s modulus was determined by uniaxial tension of specimens prepared 
according to the ASTM E-8 standard [5] with a gage-length of 85 mm and width of 12.5 
mm. An MTS Landmark 370 servohydraulic loading-frame with MTS 647 hydraulic grips 
was used. During gripping, it was ensured that no buckling of the specimen occurred. The 
strain was measured using 4 strain-gages (2 Vishay CEA-05-125UT-120 or Kyowa KFG-
2-120-D1-11 90o rosettes with 120 Ω resistance) attached to the front and back of the 
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tensile specimen, as shown in Figure 2.7. All four gages were connected to a single 
Wheatstone bridge, completed in the NI 9237 module and excited with 2.5 V DC, so that 
the bridge output was compensated for temperature, bending and lead resistance. 
Knowledge of the Poisson’s ratio is required for determining the axial strain with this 
arrangement [41], hence the bending tests had to be performed first. The same sampling 
rate of 160 Hz was used so that sufficient data points were obtained within the elastic 
deformation.  
The experiments were performed with hydraulic actuator velocities of 0.012 to 0.016 
mm/s, which induced nominal strain-rates close to 10-4 /s. It is worth noting that since the 
actuator starts from rest and has to accelerate in the beginning to reach the prescribed 
velocity, the actual nominal strain-rate is slightly different in the beginning of the test. 
Therefore, the Young’s modulus is measured under a variable nominal strain-rate.  
 
 
Figure 2.7 – Schematics of the uniaxial tension experiments, indicating the electrical-
resistance strain-gage arrangements used. 
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Although the Poisson’s ratio that was needed for obtaining the axial strain from the bridge 
output was also measured under a different strain-rate, as shown in Section 2.4, the ratio 
was insensitive to the strain-rate, for the ranges examined here. 
A typical elastic stress-strain response obtained from the experiment is plotted in 
Figure 2.8. It is found that the response is linear, as in the pure-bending tests, and the 
slope of this curve is reported as the Young’s modulus from that experiment. Notice that 
the initial part of the stress-strain curve (i.e., below 20 MPa) was discarded to ensure the 
constant velocity by eliminating the acceleration effect in the beginning of the test. 
Furthermore, it is also observed that the value of the modulus depends on the stress 
range selected in the calculation, as is shown in Figure 2.9. In this work, the stress and 
strain data up to 100 MPa for the DQSK and to 220 MPa for all other steels were used in 
the modulus calculation since the coefficient of determination, R2, for this stress range is 
greater than 0.9995, irrespectively of the material and orientation tested. 
 
Figure 2.8 – Typical axial and transverse strains obtained during a uniaxial tension test of DP 




Figure 2.9 – Engineering stress-strain curve zoomed-in in the low strain region, indicating the 
sensitivity of the slope of the linear fit on the stress range selected for the fit. 
 
2.6 EVOLUTION OF ELASTIC MODULUS AFTER PRESTRAIN 
Repeated loading-unloading tests were conducted to characterize the change of 
elastic modulus at increasing deformation. The same ASTM standard tensile specimen, 
strain gauge type and circuit arrangement as the previous tension test were used. In 
addition, the mechanical extensometer was attached on the specimen to monitor the 
overall strain response. This strain signal was used by the controller to determine the 
moment of occurring for unloading. Initially, the first pair of strain gauges were installed 
(see Figure 2.7) to measure the initial elastic properties of the material. The mechanical 
extensometer was also attached. The specimen was then prestrained plastically until 
about 1% strain, unloaded and reloaded. The specimen was then deformed to the second 
level of prestrain, with the extensometer continuing to measure the deformation, since the 
original strain gages had a useful range of about 2% strain only. The specimen was then 
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removed from the testing machine and a second pair of strain gauges was installed. The 
extensometer was manually reopened to match the strain in the last reading of the 1st 
cycle and the specimen was reloaded. The procedures above were repeated by the 
second and third pairs of strain gauges. The experiment strategy and stress-strain 
response are recorded in Figure 2.10. Figure 2.11 shows the specimen with three pairs 
of strain gauges sequentially installed (there are also three gages at the back of the 
specimen). The entire procedure was programmed in the MTS controller in a way that the 
hydraulic cylinder always moved at a constant speed (i.e., during both loading and 
unloading). Hence a constant strain-rate (~10-4/s) can be achieved. 
 
Figure 2.10 – Tensile tests with prestrain for measuring the elastic modulus at increasing 




Figure 2.11 – Photograph of the tensile specimen, showing the multiple strain gages used. 
 
2.7 RESULTS AND DISCUSSION 
The experimental results are collected in Figure 2.12 and Figure 2.13, respectively, 
for the Poisson’s ratio and the Young’s modulus. The scales of the plots are identical so 
that direct comparisons among the 5 steels can be made. In the plots, the individual test 
results from the experiments are shown in red dots while their averages are in blue 
diamonds and are connected with a blue solid line. Only the data in the 1st and 3rd 
quadrants are provided and plotted.  However, their average is extrapolated to the other 
two quadrants with an assumption in symmetry distributions. Due to the rolling process, 
the material is expected to be orthotropic, which justifies this extrapolation using 















































Figure 2.13d – Orientational dependence of Young’s modulus for DP 1180. 
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Figure 2.13e – Orientational dependence of Young’s modulus for MS 1700. 
 
A disadvantage of using the uniaxial tension test for the Young’s modulus 
measurement, albeit not instrumented as described here, is the low reproducibility of the 
results. In this work, Chauvenet’s criterion (e.g., as described in [138] ) was used to 
identify and exclude outliers in a statistically consistent fashion. As a result, the test-to-
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test variation in the modulus is quite small, as shown in Figure 2.12 and Figure 2.13, 
except for the DP 590, which may be due to the lack of test experience since it was the 
first material tested in this research. Those data with the worst repeatability among all 
experimental data including the modulus for the DP590 are also given in Table 2.3. It can 
be seen that the reproducibility is generally better than 1.5% for the Young’s modulus and 
3% for the Poisson’s ratio even for those data with the worse reproducibility.  
Table 2.3 – Examples of repeatability in the present experiments 
Angle (o) test 1 test 2 test 3 test 4 (max/min-1) x 100 % 
DP 590 – E (GPa) 
0 210.50 213.00 210.50 - 1.19 
15 206.90 204.40 207.10 - 1.32 
30 200.90 205.40 206.80 204.63 2.94 
45 192.90 199.10 195.70 196.35 3.21 
60 209.50 208.30 209.21 - 0.58 
75 211.80 211.60 214.10 - 1.18 
90 215.40 214.40 217.50 - 1.45 
DP 1180 – E (GPa) 
0 201.97 204.35 203.80 - 1.18 
15 203.72 206.61 204.03 - 1.42 
30 204.22 205.79 204.67 - 0.77 
45 207.01 205.13 203.89 - 1.53 
60 208.48 208.03 207.62 - 0.42 
75 211.13 211.69 213.69 - 1.21 
90 214.48 213.99 214.26 - 0.23 
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DP 980 – v 
0 0.27 0.267 0.267 - 1.31 
15 0.273 0.276 0.275 - 1.10 
30 0.286 0.289 0.281 - 2.81 
45 0.303 0.299 0.301 - 1.47 
60 0.296 0.299 0.298 - 1.08 
75 0.289 0.286 0.289 - 1.26 
90 0.291 0.288 0.284 - 2.36 
MS 1700 – v 
0 0.300 0.304 0.306 - 2.10 
15 0.297 0.299 0.292 - 2.60 
30 0.292 0.291 0.294 - 0.96 
45 0.296 0.303 0.292 - 3.52 
60 0.289 0.285 0.292 - 2.38 
75 0.286 0.301 0.293 - 5.14 
90 0.298 0.290 0.299 - 3.24 
 
As shown in Figure 2.12 and Figure 2.13, all 5 steels have comparable but not identical 
elastic properties, with the Young’s modulus in the RD varying between 195 and 215 GPa 
(or between 205 and 215, excluding DP 980) and the corresponding Poisson’s ratio 
between 0.24 and 0.34. Elastic properties are typically associated with reversible 
stretching of the crystal lattice and hence with properties of atomic bonding [31]. Given 
that all 5 steels are alloys of Fe and C, without any substantial additional elements, one 
could perhaps expect less variation in the RD elastic properties among the 5 steels. On 
the other hand, the DQSK steel is rolled in a way to produce a crystallographic texture 
favorable to subsequent plastic forming (i.e., high R-values), while the other 4 steels are 
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composites of hard martensitic islands in a soft ferritic matrix, at different volume fractions 
(see Figure 2.1). These reasons can be used to explain the differences in the RD elastic 
properties shown. 
With the exception perhaps of MS 1700, the steels are clearly seen to be elastically 
anisotropic. It is interesting to note that the orientational dependence of the modulus and 
the Poisson’s ratio is opposite e.g., for the DP 590, the Young’s modulus has local 
maxima at RD and TD and a minimum at 45o while the Poisson’s ratio trend is opposite. 
The difference in the orientational dependence of the 2 elastic properties is especially 
visible among the DQSK, DP 590 and DP 980 steels. As discussed in the next Chapter, 
this is a consequence of the orthotropic nature of the 5 steels. An anomaly was found in 
the Young’s modulus of the DP 980 (Figure 2.13c), which is seen to have 2 local maxima 
and 2 local minima, even though the moduli in the RD, 15o and 30o are fairly close, so 
this anomaly could be within the experimental error. Interestingly, the Poisson’s ratio does 
not show any similar anomaly. 
The orientational dependence of the 2 elastic properties is opposite between the 
DQSK and the DP steels. For the DP 590 the Young’s modulus has local maxima at RD 
and TD while for DSQK those directions are local minima, in which the DQSK results are 
in agreement with those reported in [111]. This indicates the different origin of the elastic 
anisotropy between these materials: rolling texture in the DQSK case, 2nd phase 
strengthening in the DP ones. Finally, as the material strength increases, as shown in 
Figure 2.2, the elastic anisotropy decreases and the variation along different orientations 
is between 196 and 215 GPa for the DP590 and only between 207 to 212 GPa for the 
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MS1700 in the modulus and between 0.24 and 0.28 for the DP 590 and only between 
0.29 and 0.30 for the MS 1700 in Poisson’s ratio. 
Table 2.4 lists the elastic modulus measured from all experiments for the DP 980. 
These moduli were extracted at certain plastic-work-density levels "# , where "# =%&'(!&'#  . All of the slopes were systematically fitted from a linear regime between 20 
MPa and 220 MPa stress. One of the specimens (#2 at 75o) prematurely failed at the last 
cycle. The average values in moduli vs. the plastic deformation for the DP 980, DP1180 
and MS 1700 are plotted in Figure 2.14. The elastic modulus experienced a sudden drop 
initially at low strains and then tends to saturate as the deformation progresses. 
Table 2.4 – Elastic modulus (GPa) vs. plastic prestrain for DP 980 ("#	unit: *+/-. ) 
Orientation SPC # 
SG 1 SG 2 SG 3 
Slope #1 Slope #2 Slope #3 Slope #4 Slope #5 Slope #6 "#=0  "#=5 "#=30 "#=35 "#=50 "#=54 
0 
3 198.3 191.4 186.6 186.6 182.4 183.7 
4 195.3 189.3 186.8 186.3 182.2 182.9 
Avg. 196.8 190.4 186.7 186.5 182.3 183.3 
15 
3 197.0 189.6 184.7 186.0 181.0 181.7 
4 195.9 189.1 185.1 183.8 178.8 178.7 
Avg. 196.4 189.3 184.9 184.9 179.9 180.2 
30 
1 194.7 186.8 184.1 183.0 181.1 181.1 
2 193.9 188.3 183.3 182.5 177.0 176.8 
Avg. 194.3 187.5 183.7 182.7 179.1 178.9 
45 
1 195.0 186.4 183.4 183.4 179.9 180.3 
2 194.4 187.6 183.0 182.1 180.0 180.5 
Avg. 194.7 187.0 183.2 182.8 180.0 180.4 
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60 
1 199.5 193.1 187.6 187.5 183.3 183.6 
2 199.3 192.7 186.5 185.2 182.1 181.6 
Avg. 199.4 192.9 187.0 186.3 182.7 182.6 
75 
1 207.1 200.7 192.9 192.8 191.3 190.2 
2 206.1 199.4 194.0 194.9 190.1 Failure 
Avg. 206.6 200.1 193.5 193.8 190.7 190.2 
90 
1 210.8 204.9 198.9 197.0 192.6 191.2 
2 210.8 202.7 196.6 196.3 195.6 193.4 
Avg. 210.8 203.8 197.8 196.7 194.1 192.3 
 
 
Figure 2.14a – Elastic modulus vs. prestrain for 9 orientations tested for DP 980. 
43 
 
Figure 2.14b – Elastic modulus vs. prestrain for 9 orientations tested for DP 1180. 
 







MODELING OF INITIAL ELASTIC ANISOTROPY 
 
After the elastic anisotropy for five automotive steels was established experimentally 
in the preceding Chapter, this Chapter is to evaluate if it can be represented by orthotropic 
elasticity. One of the key parameters for orthotropic elasticity to successfully predict the 
elastic anisotropy is the shear modulus. Thus, a procedure for measuring the shear 
modulus of a thin sheet is also introduced in this Chapter. The work of this Chapter can 
be also referred from [42]. 
 
3.1 THEORY OF ORTHOTROPIC ELASTICITY AND PREDICTIONS 
It is hypothesized that the origins of the elastic anisotropy (orthotropy) shown in Figure 
2.12 and Figure 2.13 lie with the 2nd-phase strengthening, causing the dual-phase steels 
to behave like metal-matrix composites. Of course, this hypothesis cannot explain the 
orthotropy observed in DQSK, the origins of which must be traced in the crystallographic 
texture. In any case, it is known that all 5 steels were cold-rolled, a process that imparted 
orthotropic symmetry in the mechanical properties. Therefore, the experiments were 
modelled using standard orthotropic elasticity. Denoting the rolling direction (RD) as 1 
and the transverse (TD) as 2, the stress-strain relationship for an orthotropic sheet in the 
material frame 1-2 and under plane-stress, can be written as:  
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!//!001/0 =




where the compliance matrix contains 5 material parameters (Young’s moduli 3// and 300 
and Poisson’s ratios 5/0  and 50/  under uniaxial tension in the 1- and 2-directions, 
respectively, and the shear modulus 7/0). However, since the compliance matrix needs 
to be symmetric, it must hold that: 
5/03// = 50/300 (3.2) 
Thus the number of independent material parameters is reduced to 4. 
Using the standard tensor rotation operation provides the stress-strain relationship at 
any frame x-y at an angle to the material frame 1-2. 
!88!99189 =
1388 − 598399 :88,89789− 589388 1399 :99,89789:89,88388 :89,99399 1789
%88%99%89  (3.3) 
 It can be seen from the above equation that 4 additional terms :, the so-called shear-
extension coupling, or Lekhnitskii coefficients ([39], [76]), have arisen from the 
transformation, which indicate coupling between normal stress and shear strain and 
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between shear stress and extensional strain. The notation adopted here implies that in 
the case of pure shear, for example, the extensional strains are !88 = :88,89 789 . %89 and !99 = :99,89 789 . %89 . 
Finally, the apparent Young’s modulus and Poisson’s ratio in the rotated frame x-y 
can be calculated as ([39], [76]): 
1388 = =03// =0 − >05/0 + >0300 >0 − =050/ + =0>07/0  (3.4) 
and: 
589 = 388( =03// =0 − >05/0 + >0300 >0 − =050/ + =0>07/0 )  (3.5) 
where > = >ABC  and = = =D>C . The angle C  is the counterclockwise rotation angle 
between the rotated frame x-y and the material frame 1-2. 
 
3.2 ORTHOTROPIC ELASTICITY PREDICTIONS 
Orthotropic elasticity is now used to evaluate the experimental results reported earlier. 
First, it should be noted that despite the symmetry requirement of the compliance matrix, 
Eq. (3.2) was not satisfied exactly by all 5 materials, as indicated in Table 3.1. Recall that 
each term in these ratios is an average of at least 3 experiments. For 3 of the 5 steels 
(i.e., DP 980, DP 1180 and MS 1700) the ratios are practically identical. For the DQSK 
and the DP 590 there is a larger discrepancy, perhaps because these were the first 
experiments to be performed. Still, the largest discrepancy is under 9%. 
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Second, the presence of the Lekhnitskii coefficients is troublesome, because it casts 
doubt on whether the off-axis tension and pure-bending tests described in CHAPTER 2 
are indeed close to the intended uniaxial stress states. For this purpose, the coefficients 
were calculated and are shown in Figure 3.1 for 2 of the steels in. In every case and for 
every orientation, the coefficients are below 7.2% for the most anisotropic material of the 
DQSK and are below 2.8% for the mildly anisotropic DP1180. For the other three 
materials the coupling coefficients show similar behavior and are capped, at any angle, 
by 6.7%, 6.1% and 0.9%, respectively, for the DP590, the DP980 and the MS1700 
 
Table 3.1 – Off-diagonal terms of plane-stress compliance matrix in the material coordinate 
frame 
Material v12/E11 (1/GPa x 10-3) 
v21/E22 
(1/GPa x 10-3) % difference 
DQSK 1.689 1.552 8.81 
DP 590 1.150 1.093 5.19 
DP 980 1.376 1.372 0.25 
DP 1180 1.371 1.370 0.02 






Figure 3.1 – Shear-extensional coupling coefficient for off-axis tensile tests, for DQSK (top) 
and DP 1180 (bottom) steels. 
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These results indicate that, at least to the first-order, the off-axis experiments are indeed 
close to uniaxial stress states. Furthermore, while the MS 1700 is essentially quasi-
isotropic elastically, none of the other 4 steels can be rigorously assumed so. 
The third challenge is the determination of the shear modulus, 7/0. Perhaps the best 
way to measure it would be the torsion of a thin-walled tube, which is however impractical 
for the steel sheets in hand. An alternative method is to use anticlastic plate-bending 
([145], [156]), which is currently under investigation by the authors [43]. Finally, the shear 
modulus could be inversely found from one of the off-axis tension tests. This procedure 
yielded variations in the shear modulus which were much higher than the uncertainty in 
the Young’s moduli determined in this work. Thus, this final approach was discarded.  
The orthotropic elasticity predictions are shown in Figure 3.2 and Figure 3.3, along 
with the experimental results. In those figures, the experimental results are replaced with 
their average per orientation and shown in blue solid circles. The predictions using the 
actual values of E/0 3// and E0/ 300 are shown in a red dashed line and those using 
equating the 2 terms are shown in a red solid line. In the latter case, it was assumed that 3//, 300 and E/0 had their actual values and E0/ was calculated to satisfy the equality in 
Eq. (3.2). Finally, the predictions of assuming the isotropic value for the shear modulus 
are shown in green dash-dot lines. Despite its simplicity, orthotropic elasticity can 
reproduce the entire spectrum of responses very well. In particular, it can capture the 
change of the orientations in local maxima and minima from the DQSK to the DP steels 
(e.g., for the DQSK, at 45o Poisson’s ratio has a minimum and Young’s modulus has a 
maximum while the opposite is true for the other steels). It also handled very well on large 
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changes in the amplitude of the orientational dependence, e.g., see the Young’s modulus 
predictions for the DP 980 in Figure 2.13c. 
 
 
Figure 3.2a – Predictions of orientational dependence of Poisson’s ratio for DQSK. Shown 
with blue dots are the averages of the experiments, and with solid, dashed and dot-dashed 




Figure 3.2b – Predictions of orientational dependence of Poisson’s ratio for DP 590. Shown 
with blue dots are the averages of the experiments, and with solid, dashed and dot-dashed 




Figure 3.2c – Predictions of orientational dependence of Poisson’s ratio for DP 980. Shown 
with blue dots are the averages of the experiments, and with solid, dashed and dot-dashed 




Figure 3.2d – Predictions of orientational dependence of Poisson’s ratio for DP 980. Shown 
with blue dots are the averages of the experiments, and with solid, dashed and dot-dashed 




Figure 3.2e – Predictions of orientational dependence of Poisson’s ratio for MS 1700. Shown 
with blue dots are the averages of the experiments, and with solid, dashed and dot-dashed 







Figure 3.3a – Predictions of orientational dependence of Young’s modulus for DQSK. Shown 
with blue dots are the averages of the experiments, and with solid, dashed and dot-dashed 




Figure 3.3b – Predictions of orientational dependence of Young’s modulus for DP 590. Shown 
with blue dots are the averages of the experiments, and with solid, dashed and dot-dashed 




Figure 3.3c – Predictions of orientational dependence of Young’s modulus for DP 980. Shown 
with blue dots are the averages of the experiments, and with solid, dashed and dot-dashed 




Figure 3.3d – Predictions of orientational dependence of Young’s modulus for DP 1180. 
Shown with blue dots are the averages of the experiments, and with solid, dashed and dot-




Figure 3.3e – Predictions of orientational dependence of Young’s modulus for MS 1700. 
Shown with blue dots are the averages of the experiments, and with solid, dashed and dot-





For those three steels (DP 980, 1180 and MS 1700) with no significant difference 
between E/0 3// and E0/ 300 (see Table 3.1), the predictions of using the exact or the 
equated off-diagonal terms are identical. In contrast, for the DQSK and the DP 590, the 
predictions are much more accurate when the exact off-diagonal values are used. This 
difference is especially pronounced in the Poisson’s ratio predictions (i.e., Figure 2.12a 
and b) and much less so in the Young’s modulus predictions (i.e., Figure 2.13a and b)   
On the other hand, using the isotropic value of the shear modulus 7/0 yields very poor 
predictions (green dash-dot lines in Figure 3.2 and Figure 3.3), despite the fact that these 
isotropic values are less than 12.25% different from the optimal ones in every case (see 
Table 3.2). It is noticed from Figure 3.2 and Figure 3.3 that the “isotropic shear” 
predictions are only accurate for the RD direction and the isotropic assumption fails to 
reproduce the orientational dependence of those steels, even qualitatively.  
The last results indicate that the performance of the orthotropic elasticity model is very 
sensitive to the value of the shear modulus. As the sensitivity analysis of the shear 
modulus shown in Figure 3.4, a small variation in the shear modulus 7/0 (certainly below 
7%) can significantly deteriorate the predictions. This, in turn, leads to a need for an 
accurate determination of the shear modulus, as discussed earlier in this section and 







Table 3.2 – Difference between optimal and isotropic values of shear modulus 7/0 
Material Optimal (GPa) Isotropic (GPa) % absolute difference 
DQSK 75 76.9 2.47 
DP 590 80.5 79.5 1.26 
DP 980 81 81.4 0.49 
DP 1180 84.3 75.1 12.25 





Figure 3.4a – Sensitivity of the Poisson’s ratio predictions for DP 590 on the value of shear 
modulus 7/0 adopted. 
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Figure 3.4b – Sensitivity of the Young’s modulus predictions for DP 590 on the value of shear 






3.3 ANTICLASTIC PLATE BENDING TEST TO DETERMINE THE SHEAR MODULUS 
In the preceding section, it is shown that the elastic anisotropy can be predicted using 
the orthotropic elasticity theory. However, in order for that theory to provide a good more 
accurate prediction, an accurate shear modulus must be provided. In this section, 
specimen geometry and testing techniques are proposed for the shear modulus 
measurement and is used to measure the shear modulus for those 5 steels. 
Among those available test method, the V-notched beam method or Iosipescu test 
(ASTM D 5379 [11]) was developed for composite material purposes and a butterfly 
shape specimen with two V-notches was proposed by Arcan [7] and [8]. These specimens 
require special fixtures and the out-of-plane motion cannot be well-eliminated during the 
loading. In addition, the resulting shear stress is inhomogeneous and/or highly localized, 
which imposes constraints in the post-processing of these tests. The plate-twist method 
(ASTM D 3044 [12]) was developed to measure the shear modulus of wood with the shear 
modulus in the range of 0.29 GPa and 88.2 GPa [12]. This method was also adapted for 
polymeric materials as the ISO standard BS EN ISO 15310. A similar specimen and 
testing apparatus were developed by Zamrik and Davis [156] to investigate the biaxial 
fatigue and crack growth. The method proposed in this study was developed 
independently of [12]; in retrospect, with an improvement to the ASTM D 3044 and Zamrik 
and Davis testing methods. 
 
3.3.1 NUMERICAL INVESTIGATION OF ANTICLASTIC PLATE BENDING (APB) TEST 
In APB, a square plate is subjected to two pairs of point forces acting at its corners. 
The pairs are equal in magnitude but opposite in sign, satisfying overall equilibrium. This 
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leads to constant moment in the central region which leads to constant curvature, i.e., 
constant strain, i.e., constant stress in that region, see Figure 3.5. The stresses can be 
calculated in a straightforward way [156] as: 
% = 3G2I0 (3.6) 
where G is the point force and I the thickness of the plate.  
Given that the point forces along the two diagonals have equal magnitude but opposite 
sign, the in-plane principal stresses that they induce are likewise equal and opposite, and 
oriented along these diagonals. Hence, rotating this stress state by 45o in-plane, a state 
of pure shear can be realized.  
 




In this study, a finite element simulation was conducted as the first step to assess this 
experiment. Due to the symmetry of the specimen, only the quarter geometry was 
created, see Figure 3.6. Symmetry boundary conditions are applied on the diagonal 
edges. The plate was discretized mainly by 0.3 mm 3D (i.e., hexahedral) elements 
C3D20R and a few prismatic elements C3D15. Five layers of elements were created 
through the thickness of the plate. In order to extract the exact displacement and stress-
strain data from the specimen surface, a thin layer of membrane elements (M3D3 and 
M3D4) were created on the top and bottom surfaces of the plate. The thickness of the 
membrane was assigned as 10JK mm, which was thin enough so that it doesn’t change 
the stiffness of the plate. These membrane elements share the same nodes with the solid 
elements of the plate. The geometry of the two rollers was discretized by first order 
elements C3D8R and C3D6. A rigid body behavior is assigned to the two rollers. The 
plate is deformed by displacing one roller while the other one is kept stationary. 
In the finite element model, two coordinate systems were defined: the global 
coordinate system of which the x-and y-axis align with two edges of the FEA model, and 
a local material coordinate system in which the x’- and y’-axis are 45 degree from the 
global ones, as illustrated in Figure 3.6. In this sense, the x’- and y’-axis are aligned with 
the rolling and transverse directions, respectively, of the metal sheet, and thus will be 
termed as 1 and 2. Thus, the shear modulus 7/0 computed in the following paragraphs is 
extracted from x’-y’-z’ coordinate system.  
In the analysis, an elastically-orthotropic plastically-isotropic material model was 
adopted, with the principal material orientations at 45o to the diagonals of the plate, as 




Figure 3.6 – Finite element model of anticlastic bending experiment. 
 
MS1700. Here, only the results from the DP980 will be presented in detail and 
summarized results will be given for other materials. 
The elastically-orthotropic material model requires nine constants (3 Young’s moduli, 
3 Poisson’s ratios and 3 shear moduli) to be fully defined. Among them, 3//, 300 and 5/0are experimentally determined, as described in the previous Chapter and the rest of 
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parameters are unknown. For this analysis, the third Young’s modulus was taken as the 
average of the other two: 3.. = (3// + 300)/2, and Poisson’s ratios and shear moduli 
were set to be equal, i.e., 5/. = 50. = 5/0, 7/0 = 7/. = 70.. The elastic constants adopted 
for the finite element simulation are summarized in Table 3.3. For plasticity, an associated 
flow-rule with the von Mises yield function is used. 
The x– and y– displacement of two nodes, one on each side of the right-angle (see 
inset in Figure 3.6), were chosen to compute the extensional strains on the corresponding 
axes during the deformation. Each node is 1.2 mm away from the center of the specimen, 
which is approximately half of the length of a strain gauge used in the experiment 
described below.  
As expected, the stress state of the central node is purely biaxial and no shear stress 
or strain develops in the global coordinate system x-y, as shown in Figure 3.6. The two 
principal stresses are calculated using Eq. (3.6), with one being tensile and the other 
compressive. When the stress-strain transformation is performed, the shear stress and 
strain will have a maximum value at 45o, which has been already selected as the rolling 
or transverse direction of the material. Therefore, when the shear stress and strain in that 
rotated system are plotted together, the slope of the shear stress-strain response will be 
the shear modulus. 
Table 3.3 – Orthotropic elasticity constants (unit for modulus: GPa) 
Material 3/ 30 3. 5/0 5/. 50. 7/0 7/. 70. 
DP 980 195.0 209.3 202.2 0.268 0.268 0.268 75 75 75 
DP 1180 203.4 214.2 208.8 0.279 0.279 0.279 80.5 80.5 80.5 
MS 1700 212.3 208.6 210.5 0.303 0.303 0.303 81 81 81 
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The force-displacement response is plotted in Figure 3.7. It is worth noting that this 
force is extracted from the quarter model and the actual total force will be four times higher. 
The response is initially linear, but it progressively deviates from linearity as the bending 
depth increases, the contacting point between the roller and plate is changing and the 
material yields. To separate the latter from the other events, the instant of first-yield 
anywhere in the plate is identified with a solid circle.  
The shear stress-strain response in the x’-y’ coordinate system is plotted in Figure3.8a. 
To avoid the non-linearities, the strain range of 0 ÷ 2 x 10-4 is chosen to fit the shear  
 
 
Figure 3.7 – Force-displacement responses of APB test. 
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modulus, as shown in Figure 3.8b. For the comparison purpose, the shear modulus 7/0 
that was input to the simulation is also included in the figure. It is seen that the error 
between input shear modulus and the regression fitted shear modulus is ~2%. Hence this 
numerical study confirmed that the APB experiment can be used to determine the in-
plane shear modulus of sheet metal. 
 





Figure 3.8b – Measured shear modulus from FEA (fitting to 2% shear strain). 
 
 
3.3.2 EXPERIMENTS OF ANTICLASTIC PLATE BENDING 
Three materials were investigated: dual-phase steels DP 980/1180 and martensitic 
steel MS 1700. The specimen geometry is shown in Figure 3.9. The nominal thickness of 
the plates is 1mm. The distance of the opposing loading rollers is 120 mm, which is the 
diagonal of the square. The corners of the square were widened to allow the load to be 
carried without premature localized yielding. The profile of the specimen was waterjet-
machined from the as-received metal sheet. A 0o-45o-90o rosette type strain gauge (KFG-
2-120-D17-11 type gauge made by Kyowa) was bonded at the center of the specimen, 
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with two perpendicular gauges aligned with the x- and y- axis (see Figure 3.6).  
The experiments were performed on the same apparatus as used for the Poisson’s 
ratio determination (Section 2.3). From the APB experiment, the maximum and minimum 
principal strains can be computed as: 
!MN8 = 12 {!N + !P + 2 !N − !Q 0 + !Q − !P 0 } 
(3.7) !M&S = 12 {!N + !P − 2 !N − !Q 0 + !Q − !P 0 } 
where !N and !P are the readings of 2 of the 3 gages of the rosette along the two plate 
diagonals, and !Q is the reading of the gage along the 45o direction (=RD, see Figure 3.9).   
Then, the maximum in-plane shear strain is: 
1MN8 = 2{ !N − !Q 0 + !Q − !P 0} (3.8) 
 
 
Figure 3.9 – Specimen for anticlastic bending experiment. 
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Figure 3.10 – Typical strain history for DP 980 in APB test. 
 
The strain history from the three strain gauges for DP 980 is presented in Figure 3.10. 
The strain for the two perpendicular gauges are close in magnitude but opposite in sign, 
whereas the strain on the diagonal gauge remains zero until severe deformation of the 
plate occurs. This further validates that minimal shear strain developed in the x-y frame 
during the test, i.e., that the x- and y-axis are principal stress directions.  
Figure 3.11 shows the shear stress-strain response for the DP 980. As discussed in 
the previous Chapter, the shear modulus was obtained by fitting shear stress and shear 
strain data only within the 0  2 x 10-4 strain range. The same procedure was applied to 
the other two materials (DP 1180 and MS 1700) and the resulting shear moduli are 
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summarized in Table 3.4. The measured modulus showed minor specimen-to-specimen 
variation. This can be partly attributed to asymmetries in the system, non-parallelism of 
the rollers and non-flatness of the as-received plates. However, it is remarkable that such 
a simple experiment can provide values of the shear modulus that are very close to the 
actual one.  
 Table 3.4 – Shear modulus 7/0 obtained from APB experiments (unit: GPa) 
Specimen # DP 980 DP 1180 MS 1700 
1 75.2 74.1 78.5 
2 78.1 73.3 78.0 
3 69.2 75.0 84.7 
 
Figure 3.11 – DP 980 shear stress-strain obtained in APB test. 
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3.4 RESULTS AND DISCUSSION 
The experimental results were compared to the predicted results from plane-stress 
orthotropic elasticity. This material model has 5 parameters: Young’s moduli 3// and 300 
and Poisson’s ratios 5/0  and 50/  under uniaxial tension in the 1- and 2-directions, 
respectively, and shear modulus 7/0 . However, it can be shown that only 4 of these 
parameters are independent. Despite its simplicity, orthotropic elasticity reproduced the 
entire spectrum of responses very well, both qualitatively and quantitatively. On the other 
hand, the quality of predictions was very sensitive to the value of shear modulus G/0 used. 
Despite the only mild elastic anisotropy of these 5 steels, using the isotropic value for the 
shear modulus yielded very poor predictions. Orthotropic elasticity also allowed for an 
easy determination of the shear-extension coupling effect during off-axis tensile tests, 
which was found to be limited in all of the 5 steels.  
The major conclusions that can be drawn from this work are: 
• Orthotropic elasticity can capture all the orientational dependencies observed in 
the 5 steels, requiring only 4 material parameters for each steel. 
• The predictions are very sensitive to the value of the shear modulus used. 
• The anticlastic plate bending experiment can be used to measure the shear 
modulus. 
The results of this work can be used to introduce elastic anisotropy to current industrial 
simulations of springback for single- and dual-phase steels of similar microstructures. Our 
recommendation for industrial practice is:  
For a given dual-phase steel, (1) perform pure-bending experiments in the RD and TD to 
obtain 5/0 and 50/; (2) perform uniaxial tension experiments in the RD and TD of the sheet 
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to obtain 3//  and 300 ; (3) verify that only three of these 4 parameters are linearly 
independent as a first indication that orthotropic elasticity is valid for this material; (4) 
measure the shear modulus 7/0, either with the anticlastic plate bending experiment, or 
with another technique; with the 4 parameters obtained from (1) and (2); (5) calibrate the 
orthotropic plane-stress elasticity model.  
Assuming that the steel composition and microstructural features are similar to those 
reported here, this material model should be an accurate representation of the elastic 
anisotropy of the sheet. This can be verified by an off-axis uniaxial tension experiment on 
the same material. Extrapolating from the work of [66] and [139], such an approach is 









MEASUREMENT OF PLASTIC ANISOTROPY OF 
AUTOMOTIVE STEEL SHEETS 
 
In this Chapter, the plastic-strain-ratio (or R-value) of five automotive steel sheets 
(DQSK, DP 590/980/1180 and MS1700) is measured using the standard uniaxial tension 
tests. In addition, the shape of the plastic work contour is further defined by introducing 
three more data points in the stress space using plane-strain tension tests. A summary 
of the testing plan is shown in Figure 4.1. The plane-strain tension tests were conducted 
only for three materials DP 980/1180 and MS 1700. The advanced yield functions Hill 
1948 and Yld2000-2D are discussed in this Chapter and then used in fitting the plastic 
anisotropy observed in the experiments.  
  
4.1 DETERMINATION OF R-VALUE 
The uniaxial tension test with ASTM E-8 specimen was used for characterization of 
R-value. As shown in Figure 4.2, a random speckle pattern was painted across the entire 
gauge section on the tensile specimen so that the full strain field could be captured using 




Figure 4.1 – Layout of the uniaxial and plane-strain tension specimens on the as received 
sheet. 
 
Grey Research, Inc.) with 35 mm Schneider lens was used. The strain gauges used in 
Chapter 2 to determine the Young’s modulus was also covered by the paint but that area 
was excluded from the DIC analysis. The VIC-Snap system (Correlated Solutions, Inc.) 
was used to capture the image at a rate of 0.29 Hz. The force signal from the MTS 
controller was synchronized with the strain using the National Instruments NI 9215. The 
data post-processing was performed in the VIC-2D (Correlated Solutions, Inc.) software. 
Figure 4.2 shows that two Regions of Interest (ROIs) were selected to extract the strain 
information. In addition, in order to keep the procedure systematic, the two ROIs were 
chosen at the same location for each specimen. An axial and a width (or transverse) 
virtual extensometer were established in each ROI, so that each specimen yielded two 
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data points for R-values. Their recordings were converted from engineering to logarithmic 
strains in a straightforward way, since there is no shear or rotation of the principal 
directions during loading. Since the material undergoes uniaxial tension, the log. plastic 
strain components along both the axial and width directions can be easily derived using 
Hooke’s law: !N# = !N − %N3N 
 !U# = !U − 5 %N3N 
(4.1) 
in which the subscript ‘a’ represents the axial component and ‘w’ the width component. 
Based on the rule of volume conservation, the log. plastic strain along the thickness 
direction can be calculated as: 
!V# = −!N# − !U#  (4.2) 
The plastic strain ratio R is defined as: 
W = !U#!V#  (4.3) 
For the case that the elastic strains can be neglected, the expression above can be 
further simplified to read: 
W ≅ !U!V  (4.4) 
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In the present work, since the flow stresses measured for some of the steels (e.g., DP 
1180 and MS 1700) exceed 1 GPa, it is questionable whether the elastic strain can be 
neglected. In short, in this work, the plastic strains, i.e., Eq. (4.3) were used for MS 1700 
and the total strains for the rest of the steels. In every case, the R-value is obtained as 
the slope of the graph of the width and thickness strains (total or plastic).  
It is interesting to note that after some simple algebra one gets: 
 
 
Figure 4.2 – Two interest zones for extracting strain in VIC-2D software. 
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W1 + W ≅ −!U!N  (4.5) 
which appears to have the same structure as the Poisson’s ratio in the elastic range. 
A typical experimental result of R-value is shown in Figure 4.3, in which the width and 
thickness strains were plotted on the vertical and horizontal axis and the R-value is taken 
as the slope of the regressional fitting. The fitting range is chosen before the UTS and 
such that the least square fitting value is greater than 0.995. A small segment at the initial 
loading (up to 0.005 width strain) is truncated to exclude the effect of machine compliance, 
specimen alignment and straightness etc. 
 
Figure 4.3 - Typical width and thickness strain during a uniaxial test of DP 590. The response 
is linear. The slope of the fit is the R-value of the material in that orientation. 
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4.2 PLANE-STRAIN TENSION TEST 
The plane-strain tension tests were conducted only for RD, 45o and TD specimens to 
probe the yield surfaces of the material. Three materials DP 980, DP 1180 and MS 1700 
were tested. For demonstration purposes, the experimental procedure and data 
processing will be demonstrated only with DP 1180. The other two materials followed the 
same procedure and results will be shown in the end. 
The geometry and photographs of these specimens are shown in Figure 4.4 (also see 
[142] and [146]). The strain field was analyzed using Digital Image Correlation. Figure 4.5 
shows the horizontal and vertical strain components across the gauge line of the 
specimen during the deformation, as captured by the DIC. It is demonstrated that plane-
strain condition was created over 60% of the gauge area. Furthermore, it can be expected 
that as one approaches the edges of the test-section, at the notches, the stress state is 
uniaxial tension. This inhomogeneity of the stress distribution poses a problem in the post-
processing of the experiment, as a simple force/area calculation will not yield the correct 
stress anywhere in the cross-section.  
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Figure 4.4a – Geometry of plane-strain tension specimen. 
 




Figure 4.5 – DIC strain contours along the test-section at increasing levels of plastic 
deformation (actuator displacement). 
 
To correct for the stress inhomogeneity, a finite element model with von Mises’ type 
isotropic material was created to analyze the stress distribution across the testing line. 
Figure 4.6 shows the finite element mesh. In the simulation, only the quarter model is 
used, due to the symmetries present. The model is discretized with 4004 3D solid (brick) 
elements C3D20R and the analysis was performed in ABAQUS/Standard. Firstly, the 
finite element simulation was validated by comparing the predicted force-displacement 
response to the one measured. A virtual extensometer (YZ=19 mm) was used to monitor 
the displacement of two points in the experiment. Two nodes which have the same gauge 
length were selected to extract the same information from the finite element model. The 
load-displacement response was well-captured by the FEA, as shown in Figure 4.7. Then, 
the stress value will be probed from the surface nodes. Due to the special geometry of 
87 
this specimen, the stress profile across the centerline becomes non-uniform, as shown in 
Figure 4.8a. To accommodate this geometric effect, the stress at the center point should 
be corrected by a factor, as shown in the schematic of Figure 4.8b. Using the finite 
element model of this specimen, it is found that for this specimen geometry and material, 
the stress correction factor monotonically increases from 0.74 to 0.98 as the deformation 
progresses. A more accurate description of stress correction factor along the 
displacement of a reference point is established and a 3rd order polynomial was adopted 
to fit the response, as shown in Figure 4.9. The actual stress at the specific loading point 
was then corrected using the derived polynomial expression. Dick and Korkolis [46] used 
a similar approach to correct the stresses in the Ring Plane-Strain Tension test on 
extruded Al tubes.  
 
Figure 4.6 – Finite element model of plane-strain specimen. The model is mirrored for 




Figure 4.7 – Comparison of load-displacement response between experiment and FEA. 
 
Figure 4.8a – History of normal stress %9 on loading direction. 
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Figure 4.8b – Schematic of non-uniform stress profile and corrections. 
 
Figure 4.9 - Stress correction factor along loading position. 
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4.3 HILL 1948 AND BARLAT ET AL. YLD2000-2D YIELD FUNCTIONS 
For the Hill 1948 model, it is assumed that the material has three, mutually orthogonal 
anisotropic axes [, \, ]. Furthermore, it is assumed that these axes remain orthogonal 
during loading. In that case, the plastic potential (or yield function, for the associated flow-
rule modeling framework used here) is written in the anisotropic frame as: 
G %9 − %^ 0 	+ 	7 %^ − %8 0 + _ %8 − %9 0 + 2	`	a9^0 + 	2	*	a8^0 + 2	b	a890= 2	c %&' 0 (4.6) 
where G, 7, _, `,*,b are the 6 anisotropic parameters.  
The origin of Barlat et al. Yld2000-2D model is the Hershey-Hosford isotropic non-
quadratic yield function [73]:  
 >/ − >0 d + 2>/ + >0 d + >/ + 2>0 d = 2%ed (4.7) 
where >/ and >0 are the principal stress deviators. Barlat et al. [16] extended this model 
for the case of anisotropy (here, orthotropy) by introducing two tensors f′ and f′′, each 
obtained by a separate linear transformation of the stress tensor h, as: 
 fi = jik = jilh = mih    and     fii = jiik = jiilh = miih (4.8) 
where ji , jii , mi  and mii  are the linear transformation matrices and l  is the linear 
transformation between a tensor and its deviator. 
Barlat et al. [16] proposed to express the matrices mi and mii in terms of 8 anisotropy 




				2/3 								0 					0−1/3 							0 					0							0 −1/3 					0							0 			2/3 					0							0 						0 					1 	




−2 			2 			8 −2 0			1 −4 −4 			4 0			4 −4 −4 			1 0−2 			3 			2 −2 0			0 			0 			1 			0 9 	
o.otoKonou  (4.9b) 
Notice that if the 8 coefficients of the two matrices in Eqs. (4.9a) and (4.9a) are equal 
to 1, then the Yld2000-2D criterion reduces to the isotropic Hershey-Hosford criterion, Eq. 
(4.7).  
The principal values v/i, v0i  and v/ii, v0ii  of the two tensors f′ and f′′ are determined 
analytically, so that the Yld2000-2D yield function can be written in terms of them as: 
 v/i − v0i d 	+	 2v/ii + v0ii d 	+ 	 v/ii + 2v0ii d = 2%ed (4.10) 
In the following Chapter 6, this yield function will be implemented into the Chaboche 
type combined kinematic/isotropic hardening model, to take into account the plastic 
anisotropy for modeling springback. Implementation of this model requires the use of the 
flow-rule and as a result the computation of the first derivatives of this function with 
respect to the stress tensor components. These derivatives are included in [16]. Here, we 
opted to use a numerical differentiation scheme to evaluate these derivatives. The 
forward-difference method was used [9]. Each partial derivative was computed using a 
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10Jn MPa perturbation of the corresponding component of the stress tensor. This scheme 
was found to be very stable and accurate. 
 
4.4 RESULTS AND DISCUSSION 
As it has been mentioned in the previous section, the R-value is described as the ratio 
of width strain and the thickness strain. The measured R-values for five automotive steel 
sheets were presented as polar plots in Figure 4.10. It is interesting that the overall shape 
of this R-value plot is the similar as that of the Young’s modulus. As can be seen, for the 
mild steel DQSK, the peak R-value was found around RD and TD whereas the min. value 
is observed around 45 degree. The opposite trend is observed for steels with martensite 
content DP 590/980/1180. It is also interesting to see that as the strength of material 
increases, the orientational variation becomes less significant, i.e., the material becomes 
more isotropic. Eventually, for martensitic steel MS1700 the butterfly shape deteriorates 
into almost a circle. 
The plastic work contours are now constructed using the seven uniaxial tension and 
three plane-strain tension test data. The experimental data is further used to calibrate 2 
anisotropic material models for DP 1180 and MS 1700: Hill 1948 and Yld2000-2D as 
presented in the previous section. First, we selected a specific level of plastic work to do 
the calibrations. The level selected was 34 MJ/m3, to represent the plastic behavior of the 
material after some deformation has developed, and is shown on a uniaxial stress-strain 
curve in Figure 4.11. For Hill 1948, we pursued two calibrations: one based on the R-
values (Figure 4.12a), and another based on optimization to fit the yield surface as well 
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as possible (Figure 4.12b). Subsequently, the Yld2000-2D was calibrated (Figure 4.12c), 
using an exponent of 6 as is customary for BCC metals. 
 
Figure 4.10a - Orientational dependence of R-value for DQSK. Shown with red dots are all 




Figure 4.10b - Orientational dependence of R-value for DP 590. Shown with red dots are all 




Figure 4.10c - Orientational dependence of R-value for DP 980. Shown with red dots are all 




Figure 4.10d - Orientational dependence of R-value for DP 1180. Shown with red dots are all 




Figure 4.10e - Orientational dependence of R-value for MS1700. Shown with red dots are all 










Figure 4.12a - Calibration of anisotropic yield functions. Shown are different iso-shear 




Figure 4.12b - Calibration of anisotropic yield functions. Shown are different iso-shear 
contours for Yld2000-2D using optimized parameters. 
 
To allow a direct comparison of the shapes of the predicted yield loci, the different 
yield functions and calibrations are plotted in Figure 4.12 on the 1st quadrant of the plane-
stress space along with the in-plane experiments and the von Mises yield function as 
reference. It can be seen that both the optimized Hill 1948 and the Yld2000-2D offer the 
best agreement with the experiments.  
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A different view however is obtained when the R-values that the models predict for 
tension tests in different orientations to the RD are computed and plotted against the 
experiments (Figure 4.14). It can be seen that the Hill ’48 calibrated from the R-values at 
RD, 45o and TD matches the experiments. However it misses the plane-stress yield locus 
as shown in Figure 4.12. Finally, the Yld2000-2D model is capable of fitting both the yield 




Figure 4.13a – The yield functions calibrated in this work are plotted on the 1st quadrant of 




Figure 4.13b – The yield functions calibrated in this work are plotted on the 1st quadrant of 





Figure 4.14a – Predictions of the orientational dependence of R-values based on the yield 




Figure 4.14b – Predictions of the orientational dependence of R-values based on the yield 














This Chapter presents a novel design of a cruciform specimen. In comparison to 
existing designs, the proposed one develops relatively large plastic strains in the test-
section, and furthermore permits an unambiguous determination of the stresses in that 
area, without the need for an inverse numerical calibration. We begin by detailing the 
performance criteria behind cruciform specimen design. We then proceed to compare the 
simplest specimen design against these criteria, as well as a number of existing designs. 
After that, we describe the proposed specimen design. To validate the proposed design, 
we select two materials with known anisotropies. We perform virtual experiments and 
show that the proposed specimen recovers very accurately the material anisotropy in 
each of the two cases. We then proceed to determine the yield surface of a dual-phase 
steel (DP590) experimentally, using the proposed specimen design. 
It is noted that the focus of this work is on constitutive identification, i.e., the 
determination of the yield surface of the material. The specimen proposed is not designed 
to probe failure and fracture. However, once the yield surface of the material is determined 
with that specimen, an alternative specimen design can be used to reliably probe failure 
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and fracture. The finite element analysis of this failure specimen will benefit from the 
knowledge of the plastic anisotropy of the material. This Chapter draws heavily from the 
work reported in [44]. 
 
5.2 CRUCIFORM SPECIMEN DESIGN CRITERIA 
A cruciform specimen comprises, essentially, of a test-section and four loading arms 
attached to it. These arms are gripped by a special, biaxial testing machine or a 
mechanism/fixture that translates uniaxial motion to biaxial, and loaded in tension, or, in 
some cases, compression. The criteria that an ideal cruciform specimen should satisfy 
are the following: 
(1) The stress and strain fields in the test-section should be spatially uniform. 
(2) As a result of (1), the stresses in the test-section can be computed as “remote 
force”/”local area”. 
(3) No stresses other than the in-plane principal stresses should develop in the test-
section. In addition, the in-plane principal orientations should be aligned with the 
loading axes and remain so throughout the experiment. 
(4) The cross-talk between the loading arms should be minimal. 
(5) Large strains should be achievable in the test-section before failure. 
(6) Failure should initiate inside the test-section and not outside of it or at its 
boundary. 
(7) The specimen should be economical to manufacture. 
In more detail, the absence of stress and strain gradients (criterion 1 above) ensures 
that the loading of the material in the test-section is as close to a material-point loading 
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as possible. Hence the response observed is independent of the possible point-to-point 
variation, as, e.g., in bending problems. Also, the uniform fields indicate that it is in 
principle possible to obtain the stress values through a simple “force/area” calculation 
(criterion 2). Computing the local stresses using the remotely measured forces (e.g., with 
load cells) and either the initial or the current cross-sectional area (e.g., in the latter case 
using high-elongation strain-gages or a biaxial extensometer or Digital Image Correlation) 
simplifies the testing setup significantly, and also allows for real-time testing control such 
as stress-path changes [96], etc. It is also necessary for constitutive identification of a 
given material. 
The absence of in-plane shear (criterion 3) ensures that the specimen is not tending 
to rotate during deformation, so that no secondary bending moments are applied at the 
gripped ends to prevent that rotation, nor is any shear developing. Hence the load cells 
read the only forces that the test section is experiencing. In a specimen geometry that 
exhibits cross-talk between the loading arms (criterion 4), tension in one direction induces 
tension or compression in the perpendicular direction. Hence eliminating the cross-talk 
aids in the accurate determination of the stresses in the test-section and enables an 
easier control of the loading-path during the experiment. Achieving large strains in the 
test-section before failure (criterion 5) is in many specimen designs a challenge, since the 
four loading arms are designed to have different compliance than the test-section to 
satisfy criteria 1-3 above, and hence tend to deform more, consuming the available stroke 
of the machine actuators. Furthermore, in these designs failure occurs in the arms of the 
specimen and not in the test-section (criterion 6). 
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The appropriate specimen design is very simple conceptually: a thin, square-shaped 
test-section, loaded with uniform tractions along its boundaries (see Figure 5.1). In that 
case, the stress field inside the test-section is one of biaxial tension or tension-
compression, with the principal orientations aligned with the loading axes. Criteria 1-5 are 
automatically satisfied, while criteria 6 and 7 cannot be gauged without more elaborate 
analysis. However, since in reality the tractions are applied to the test-section indirectly, 
through the loading arms, the design of a specimen that best approximates the behavior 
of the ideal specimen is non-trivial. 
 
Figure 5.1 – Test-section of a cruciform specimen, illustrating four of the performance criteria: 
uniform tractions at the boundary and a uniform stress field, normal stresses that are found as 




5.3 COMPARISON OF EXISTING CRUCIFORM SPECIMENS 
We first consider the simplest possible cruciform specimen geometry in Figure 5.2 and 
examine its behavior. The design consists of a test-section and four loading arms of the 
same thickness, with generous fillets provided between the arms, to avoid stress 
concentrations and an early failure. The stress and strain fields are simulated using finite 
element analysis, assuming the material to be an elasto-plastic 1018 steel, isotropy, and 
the specimen loaded quasi-statically in equibiaxial tension. The implicit non-linear code 
Abaqus/Standard was used for this simulation. As shown in Figure 5.2a, the normal true 
stress in the x-direction is not uniformly distributed in the test-section, violating criterion 1 
above. This non-uniformity also precludes the possibility of the normal stress being easily 
determined from the forces measured at the gripped ends of the loading arms with load 
cells (criterion 2). Furthermore, observation of the remaining components of the stress 
tensor field (not all are shown in Figure 5.2) reveals that while the arms are in a state of 
uniaxial tension, the test-section is not. Hence, the lateral strain (i.e., !9) that develops in 
the arms is spatially non-uniform and different from the corresponding strain in the test-
section. This difference gives rise to additional stresses at the boundaries between the 
test-section and the loading arms, which in turn perturb the stress field inside the test-
section away from the imposed equibiaxial tension. The in-plane shear stress ([\ 
component) that develops is shown in Figure 5.2b. It can be seen that this shear stress 
is non-zero (violating criterion 3), and also it is non-uniformly distributed within the test-
section. The Free Body Diagram superimposed on Figure 5.2b indicates that in order for 
the normal stress to be calculated somewhere inside the test-section, the parasitic, non-
measurable shear stress %89  that develops at the boundary needs to be taken into 
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account. This further complicates the relationship between the normal stress and the load 
that is remotely applied at the gripped end of the loading arm. The presence of the large 
fillets indicates that the cross-talk between the arms is expected to be high in this design, 
as there is enough material in the fillet area to transmit the load from the one axis to the 
other and induce lateral stresses. The von Mises equivalent plastic strain that develops 
in this cruciform specimen design is shown in Figure 5.2c. It can be seen that the loading 
arms deform more than the test-section, violating criterion 5 above. Lastly, the contours 
of Figure 5.2c indicate that failure could be initiated outside or at the boundary of the test-
section, violating criterion 6. On the other hand, making this specimen is very 
straightforward, satisfying criterion 7. Overall, this specimen design is unsuitable for our 
purposes. 
Many cruciform specimen designs have been already proposed in the literature. Each 
design has its merits. However, to our best knowledge, none satisfies all 7 performance 
criteria listed earlier. Of course, numerous of these specimens satisfy enough criteria to 




Figure 5.2a – Finite element simulation results for an elementary cruciform specimen. Shown 




Figure 5.2b – Finite element simulation results for an elementary cruciform specimen. Shown 




Figure 5.2c – Finite element simulation results for an elementary cruciform specimen. Shown 
is the von Mises equivalent plastic strain. 
 
Figure 5.3 shows examples of cruciform specimens in the existing literatures. To 
summarize the ideas that have been proposed so far, some specimens (Figure 5.3a, [137] 
and [135]) have uniform thickness (fabricated from an as-received flat sheet sample). 
However, it would be difficult to determine biaxial stress components accurately using 
these types of specimens, as they do not have a definite gauge area. Some other 
specimens have uniform thickness and have slotted arms to help make the traction 
distribution uniform at the boundaries of test-section Figure 5.3b and c, [92], [126], [55], 
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[55], [3] and [89]. Others Figure 5.3d, [52], [38], [109], [155], [56], [122] and [117] are 
equipped with reduced-thickness test-sections, to avoid having the failure be induced at 
the arms instead of the test-section itself. Lastly, in some designs ([72] and [22]), thin 
metal sheets or bars were welded to square test-sections. A variety of proposed 
specimens are reviewed in Abu-Farha et al. [1] and Hannon and Tiernan [63], including 
investigations of the strain uniformity inside the test-section using Digital Image 
Correlation. Special geometries and even loading devices are used for testing non-
metals, such as soft materials and elastomers ([147], [57] and [160]). 
Hanabusa et al. ([62] and [61]) investigated a method for determining the optimum 
strain measurement position for minimizing the stress measurement error wx in a biaxial 
tensile testing method using the cruciform specimen developed by Kuwabara et al. [94]. 
Consequently, supported by the numerical verification by Hanabusa et al. [62], [61], the 
cruciform specimen design and the biaxial tensile testing method have been established 
as an international standard in July, 2014 (ISO 16842, [75]). 
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Figure 5.3 – Example of existing cruciform specimens: a) Müller and Pöhlandt [125], b) 
Kuwabara et al.[94], c) Boehler and Demmerle [20], d) Tasan and Hoefnagels [143]. 
 
 
5.4 PROPOSED SPECIMEN GEOMETRY 
The specimen design proposed is shown in Figure 5.4. Clearly, this design is directly 
influenced from existing designs. In particular, the specimen we propose has the following 
features:  
(1) The loading-arms are slotted, to make the tractions applied at the boundary of the 
test-section as uniform as possible. Here, eleven slots are used in each arm. This 
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number is a balance between what is desired (infinite number of slots) and what is 
practical to manufacture using, e.g., laser-cutting. 
(2) The test-section is of reduced thickness (here, 40% of the arm thickness). This allows 
tailoring of the thickness to ensure that the failure will occur in the test-section and not 
in the loading-arms. (Recall that the slots that are cut in the arms reduce their stiffness, 
in comparison to the initial, solid cross-section.)  
(3) To minimize cross-talk between the arms, the fillet between them is kept to a minimum 
(here, 0.5 mm). In the same spirit, the in-plane radius of the test-section is also kept 
to a minimum (here, 2 mm). Notice that these numbers are arrived at after 
manufacturing considerations: while the outside fillet will be laser-cut, the inside fillet 
will be milled and so its dimension is consistent with the minimum radius of easily 
available end-mills. 
(4) Lastly, in order to be able to determine the current cross-sectional area as accurately 
as possible, the transition between the loading-arms and the test-section is made as 
sharp as possible. 
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Figure 5.4 – Proposed cruciform specimen design. 
 
The specimen is manufactured as follows: first, the outline and the slots in the arms 
are laser-cut. Care is taken to ensure that the laser cutting of the slots starts from the 
ends of the loading-arms and proceeds towards the test-section. This is because focusing 
the laser-beam often creates a small but noticeable crater at the beginning of the slot. 
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The laser-cut specimen is then taken to a CNC machining center, where one side of the 
thickness recess is machined. Then the specimen is flipped on itself and the second 
recess is machined on the other side of the specimen. A specially-designed jig is used to 
hold the specimen during machining to ensure that the two recesses line up with each 
other, that the specimen is held flat during milling and that the resulting thickness of the 
test-section is uniform (data for this uniformity is presented later in this text). Other, less 
intrusive techniques to generate the thickness recesses, such as Electrochemical 
Machining (ECM), have not been explored at the time of this writing. For working with thin 
sheets, where milling will be problematic or impossible, a built-up, laminated specimen 
could be used. 
 
5.5 NUMERICAL VALIDATION OF THE PROPOSED DESIGN 
The design proposed in the previous section is now analyzed with the help of finite 
element analysis and its performance and accuracy are assessed. These are 
demonstrated by performing virtual experiments, from which information is extracted in 
exactly the same way as in the real experiment, and the material identified this way is 
compared to the material model selected for the FEA. 
Two materials with rather different anisotropy were selected for this study, to examine 
the accuracy of the proposed design and highlight its validity. The two materials are a 
mild, Interstitial-Free (IF) 1018 steel and an aluminum alloy (Al-2090-T3). Both materials 
are highly anisotropic, but their yield loci have different shapes. In the case of IF steel, 
the locus can be represented by an oblate ellipse. For Al-2090-T3, the yield locus is rather 
more pointed in the equibiaxial region and flatter on either side of it. An isotropic material 
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is not presented here, since in that case cruciform specimen testing is redundant. The 
flow curves of these materials are determined from uniaxial tension experiments at the 
University of New Hampshire (for 1018 steel) and from the literature, in the form of power-
law fits ([15] for Al-2090-T3, see Table 5.1). Two anisotropic yield functions will be 
considered in this work: the classical Hill 1948 with R=2 and the more recent Yld2004-
3D. Both models allow for 3D stress-states, and were selected here so as to improve the 
precision of the specimen assessment analyses. In other words, none of the 
simplifications inherent in plane-stress analyses can have an influence on the present 
results. The 18 anisotropy parameters for Yld2004-3D are taken from the literature [15] 
and are collected in Table 5.2. As is customary for FCC alloys, the exponent was set to 
8 [15]. 
Table 5.1 - Material constants for the fitting of power law: % = y !Z + !# S 
Material y !Z B 
Al 2090-T3 646 0.025 0.227 
 
Table 5.2 - Anisotropy parameters for Yld2004-3D (k = 8) for Al-2090-T3 
=/0i  =/.i  =0/i  =0.i  =./i  =.0i  =tti  =KKi  =nni  
-0.06989 0.93641 0.07914 1.0031 0.52474 1.36318 1.02377 1.06901 0.95322 
=/0ii  =/.ii  =0/ii  =0.ii  =./ii  =.0ii  =ttii  =KKii  =nnii  
0.98117 0.47674 0.57532 0.86683 1.14501 -0.07929 1.05117 1.14710 1.40462 
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The proposed specimen geometry is discretized in the non-linear implicit code 
Abaqus/Standard. Taking advantage of existing symmetries (see Figure 5.4), only 1/8 of 
the specimen is modeled. A total of 9,810 solid elements are used to represent the 
geometry. The majority of the elements in the mesh are quadratic with reduced integration 
(C3D20R). However, the complex geometry at the intersection of the slots and the test-
section dictated the (limited) use of tetrahedral elements (C3D15). The resulting model is 
shown in Figure 5.5.  
 
Figure 5.5  – Finite element modeling of the proposed cruciform specimen design. Shown is 
1/4 of the specimen (i.e., the 1/8 specimen mirrored once) in top and isometric views. 
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Rate-independent plasticity with isotropic hardening and the associated flow rule was 
adopted throughout this work. For the two plastic potentials used, the Hill 1948 is built-in 
in Abaqus while the Yld2004-3D model was implemented through a custom User Material 
(UMAT) subroutine [151]. 
The nodes at the ends of each arm were rigidly connected to a control node. The 
model was then loaded by applying forces at the two (due to symmetry) control nodes. 
The ratio between the applied forces was kept constant throughout a simulation, which 
yielded true stresses that remained at an almost constant ratio, as well. The force ratio 
was then varied between simulations, to yield multiple radial loading paths in the 1st 
quadrant of the true stress space. 
The performance of this specimen design is assessed as follows. Firstly, the 
equivalent plastic strain for the case of 1018 steel with the Hill yield criterion along the 
equibiaxial and plane-strain loading paths is shown in Figure 5.6a-d. It can be seen that 
even though the eq. plastic strain is 0.125-0.132 and 0.045-0.048 in the test-section 
(Figure 5.6a and c) for the equibiaxial and plane-strain, respectively, the arms remain 
elastic. This can be contrasted with the elementary cruciform specimen geometry of 
Figure 5.2c, which showed the opposite effect. Closer inspection of the contours (see 
insets of Figure 5.2a and c, and Figure 5.2b and d) reveals that there is a thin boundary-
layer at the outskirts of the test-section, and especially so in the four corners of that 
section. This is to be expected since there is a sharp thickness transition in these areas. 
However, exactly because of the sharpness of that transition, the area that is affected by 




Figure 5.6a – Finite element simulation results of the proposed specimen. Shown is the Hill 
equivalent plastic strain for equibiaxial loading. 
 
 
Figure 5.6b – Finite element simulation results of the proposed specimen. Shown is the Hill 
equivalent plastic strain for equibiaxial loading. 
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Figure 5.6c – Finite element simulation results of the proposed specimen. Shown is the Hill 
equivalent plastic strain for stress path 1:2. 
 
 
Figure 5.6d – Finite element simulation results of the proposed specimen. Shown is the Hill 
equivalent plastic strain for stress path 1:2. 
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In Figure 5.7, the distribution of the [ - component of the Cauchy stress tensor, %8, 
along the \ - axis is shown for 4 cross-sections along the specimen test-section and at 
three levels of equivalent plastic strain. The material selected is the Al-2090-T3 alloy with 
its anisotropy represented by the Yld2004-3D model (see Table 5.2). The model is loaded 
with a 4:3 force ratio. The plots of Figure 5.7 verify that the stress is very uniformly 
distributed in the test-section, both spatially and temporally. At a larger strain and towards 
the end of the test-section, the stress begins to show a limited spatial variation. The plots 
also reveal the presence of a boundary layer, which is seen to be limited to less than 20% 
of the cross-section. While only one component of the stress tensor is shown, the 
remaining non-zero components exhibit similar spatial and temporal distributions to the 
one shown. 
 
Figure 5.7 – Spatial distribution of the normal stress in 4 locations inside the test-section, and 
at 3 levels of plastic strain. Yld2004-3D material model and 4:3 loading force path (x and y 
represent the directions shown in Fig. 3 and GL the gage length). 
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We now describe a virtual experiment with the proposed specimen design, as a means 
to assess its accuracy. Assume (see Figure 5.8) that the engineering strains in the [- and \-directions over some gage-length and along the two loading axes of the specimen can 
be measured (e.g., with high-elongation strain-gages, biaxial extensometer or Digital 
Image Correlation). We consider two locations for the strain measurements, as shown in 
Figure 5.8; one is a pair of gages in the center of the test-section, and the other is a pair 
that are offset from the center by 7.5 mm, or 1/4 of the nominal test-section dimension. In 
either case, the size of every gage is 3.25 mm, or approx. 1/9 of the nominal test-section 
dimension. Results from these two pairs and comparison to the exact solution will now be 
presented. 
 
Figure 5.8 – Schematic to explain the procedures for post-processing a real or a virtual 
experiment. Shown in red and green are two pairs of strain gages. The blue dots are the 
locations where the response of the FEA model is probed. 
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Since the specimen is designed so as to have a uniform stress and strain field in the 
test-section, the current length and width of that section can be calculated very accurately 
using these strain measurements. Also straightforward is the calculation of the logarithmic 
strains in the [  - and \  - directions, as the specimen is designed so that these are 
principal directions throughout the test. Neglecting the elastic strains and invoking 
incompressibility, the through-thickness logarithmic strain and thus the (uniform) current 
thickness of the test-section can be determined. From the current [ - and \ -lengths and 
thickness, the current [ - and \ -cross-sectional areas can be determined. Dividing the 
remotely measured [ - and \ -forces by these areas gives two true-stress-like quantities. 
Calculating incrementally the corresponding plastic work [70], the stress state that lies on 
a predetermined plastic work contour is determined. This process is summarized in Table 
5.3 and can be repeated for any levels of plastic work and stress path desired. This way 
the plastic work contour of the material in the 1st quadrant of the plane stress space can 
be constructed. 
This is the point where the data-reduction from an actual experiment would end. 
However, in this case of a virtual experiment with the aid of FEA, the actual response in 
any location in the test-section can be probed. These locations are highlighted with the 
blue dots in Figure 5.8. The resulting flow curves, for the case of uniaxial loading in the [ 
- direction are shown in black in Figure 5.9. Note that in that plot, only the [ -components 
of the Cauchy stress tensor and the logarithmic strain tensor are plotted. The excellent 
agreement of the black curves with each other verify that the stress state is indeed 
homogeneous in the test-section. (Contrast this result to the contours shown for the same  
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Table 5.3 - Post-processing of a real or virtual experiment 
Step Description 
1 Calculate the eng. strain components !8,zS{ and !9,zS{ from the gages. 
2 
Convert the eng. strain components into logarithmic; calculate the current 
length of the gauge zone by: L} = `Z ∗ 1 + !8,zS{  and  L9 = `Z ∗ (1 + !9,zS{)  
where `Z is the original length of the test-section.  
3 Using volume conservation, find the log. thickness strain as !^ = −!8 − !9 and then the current thickness as I = IZ ∗ w[	(!^) 
4 
Calculate the current cross-section area of the test-section, Ä8 and Ä9, from 
the current width, length and thickness.  Then, if G8 and G9 are the load cell 
readings, compute the true-stress-like quantities %8 = ÅÇÉÑ and %9 = ÅÑÉÇ 
5 Incrementally compute the plastic work "#  from the %8 − !8  and %9 − !9 responses. Output the stress state at predetermined levels of plastic work. 
 
stress component but for a simpler specimen geometry in Figure 5.2a.) This is also in 
accord with the stress distributions plotted in Figure 5.7. As the strain becomes larger, 
e.g., over 0.07 in logarithmic strain for this particular material (1018 mild steel), the curves 
show some dispersion, i.e., the accuracy of the specimen gradually deteriorates. 
Furthermore, note that we judiciously opted to not extract data from a material point inside 
the boundary layer of the test-section (see Figure 5.8 for the locations of the points that 
were probed – the two curves in Figure 5.9 that start to deviate earlier than the rest are 
in fact the closest to the edges of the test-section). 
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Figure 5.9 – Results of the post-processing procedure Table 5.3 for uniaxial loading in the 
horizontal (or rolling) direction. Hill 1948 material model. 
 
Also plotted in Figure 5.9 with red and green color are the resulting flow curves from 
the data-reduction procedure described in the preceding paragraphs and in Table 5.3. It 
can be seen that the results from the two gage pairs are identical to each other. 
Furthermore, the calculated flow curves follow quite well the material response probed 
from well inside the test-section even beyond a logarithmic strain of 0.1. The results of 
Figure 5.9 refer to uniaxial loading (which is not as trivial for a cruciform specimen as it is 
for a tensile strip) and give a first indication of the accuracy that can be obtained from the 
proposed geometry. This procedure (see Table 5.3) is now repeated for biaxial loadings 
along radial paths in the 1st quadrant of the true stress space. The resulting points of equal 
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plastic work at different levels of the uniaxial plastic strain are plotted in Figure a and b. 
Also identified in that figure are the applied loads that yielded the radial paths. Recall that 
under the assumption of isotropic hardening, the plastic work contours are identical to the 
yield loci of the material. In  Figure a and b the corresponding yield surfaces of the two 
materials using the calibrations of Section 5.5, that were used as inputs to the FEA, are 
plotted with solid lines. The agreement between the actual loci (solid lines) and those 
identified with the designed specimen (points) is in every case very close. This confirms 
that the plastic work contours of a material can be identified with the proposed specimen 
geometry very accurately, using for that purpose straightforward instruments and 
measurements (e.g., load cells and high-elongation strain-gages). 
The results shown with solid dots in Figure 5.9 were extracted from the offset gages 
shown in Figure 5.8. The post-processing procedure (Table 5.3) can be repeated for the 
centered gages, which yields almost identical stresses. Their results are presented in 
Table 5.4. The results from both sets of gages are presented in Figure 5.10 for the 
Yld2004-3D material model. Included in Figure 5.10 is the difference between these 
results and the “exact stresses”, i.e., the stresses that this material model predicts to be 
on the yield surface at the specified levels of equivalent plastic strain. The difference is in 
every case below 1.5%, which implies that the strain can be obtained from anywhere 
within the test-section, except of course from within the boundary layer. This is a 
consequence of the uniform stress and strain fields inside the test-section, as shown for 
example in Figure 5.7. 
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Table 5.4 - Exact vs. measured stresses using pairs of gages. (All stresses in MPa, Yld2004-3D material model) 
!"# = 0.005 
Force 
Path 
Exact stresses Stresses from centered gages Stresses from off-centered gages Discrepancy 
between 
positions (%) () (* () (* ∆,-,-  (%) ∆,.,.  (%) () (* ∆,-,-  (%) ∆,.,.  (%) 
5:1 301.3 59.7 301.2 59.6 0.03 0.03 302.1 59.8 0.27 0.25 0.30 0.29 
4:3 312.7 232.9 313.6 233.6 0.29 0.30 313.6 233.6 0.29 0.30 0.00 0.00 
1:2 152.6 308.2 152.5 308 0.07 0.06 152.9 308.8 0.20 0.19 0.26 0.26 
 
!"# = 0.025 
Force 
Path 
Exact stresses Stresses from centered gages Stresses from off-centered gages 
Discrepancy 
between 
positions (%) () (* () (* ∆,-,-  (%) ∆,.,.  (%) () (* ∆,-,-  (%) ∆,.,.  (%) 
5:1 338.8 65.6 339.2 65.7 0.12 0.12 340.2 65.8 0.41 0.37 0.29 0.24 
4:3 351.5 256.7 353.5 258.1 0.57 0.55 353.5 258.1 0.57 0.55 0.00 0.00 
1:2 166.9 345.7 167.3 346.5 0.24 0.23 167.7 347.3 0.48 0.46 0.24 0.23 
     
132 
133 
!"# = 0.06 
Force 
Path 
Exact stresses Stresses from centered gages Stresses from off-centered gages Discrepancy 
between 
positions (%) () (* () (* ∆,-,-  (%) ∆,.,.  (%) () (* ∆,-,-  (%) ∆,.,.  (%) 
5:1 381.5 71.1 382.8 71.3 0.34 0.31 382.8 71.3 0.34 0.35 0.00 0.04 
4:3 395.8 279 399.5 281.6 0.93 0.93 399.2 281.4 0.86 0.86 0.08 0.07 
1:2 179.4 387.9 180.2 389.7 0.45 0.46 180.7 390.8 0.72 0.75 0.28 0.28 
 
!"# = 0.1 
Force 
Path 
Exact stresses Stresses from centered gages Stresses from off-centered gages Discrepancy 
between 
positions (%) () (* () (* ∆,-,-  (%) ∆,.,.  (%) () (* ∆,-,-  (%) ∆,.,.  (%) 
5:1 414.9 73.9 417.7 74.4 0.67 0.66 417.2 74.3 0.55 0.61 0.12 0.05 
4:3 430.2 291.1 436.9 295.6 1.56 1.55 434.6 294.2 1.02 1.06 0.53 0.47 





Figure 5.10a – Results of the post-processing procedure  Table 5.3 for biaxial loadings. 
Recovery of the input yield surface for Hill 1948. The solid lines in the plots correspond to the 




Figure 5.10b – Results of the post-processing procedure  Table 5.3 for biaxial loadings. 
Recovery of the input yield surface for Yld-2004-3D material models. The solid lines in the 
plots correspond to the calibrations and were used as input to the FEA. 
 
5.6 EXPERIMENTAL INVESTIGATION 
The proposed cruciform specimen design was used to probe the anisotropy of a cold-
rolled dual-phase steel DP 590. The steel was provided in the form of galvannealed plates 
of 2 mm thickness. The experiments were performed with the 20 kN biaxial testing 
machine at the Tokyo University of Agriculture and Technology, as shown in Figure 5.11a. 
In that machine, the load is applied through 4 hydraulic actuators that are connected in 
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opposite pairs through pantograph mechanisms, to ensure that the specimen remains 
centered throughout the test [137], [135], [125] and [94]. (Alternatively, an appropriate 
control scheme for the actuators must be devised as in, e.g., [150].) In the experiments 
reported here, the machine was run under load-control and maintained a constant true 
stress ratio. During testing, the strains in the two axes were acquired by four high-
elongation strain gages (YFLA-2-1L from Tokyo Sokki Kenkyujo Co., Ltd.), bonded at 
x/GL and y/GL=±0.25, respectively. (Here, “x” and “y” represent the coordinates shown in 
Figures 5.1 and 5.2, while “GL” indicates the gage length.) The readings from the gages 
on each axis were averaged and used in the control loop of the machine to maintain the 
true stress ratio constant. The induced strain-rate for all the loading paths varied between 
experiments as 4~8 × 10-4 /s. A close-up of a specimen before testing, showing the four 
strain-gages is given in  Figure 5.11b. A more detailed description of the material behavior 
and the experimental procedures is presented in [84]. 
Two uniaxial and seven biaxial loading paths in the 1st quadrant of the true stress 
space were prescribed, as shown in Figure 5.12. The resulting stress and strain 
responses where then processed to identify the stress combinations at different, pre-set 
levels of plastic work. Repeating this procedure for all paths yielded contours of constant 
plastic work, or, under the assumption of isotropic hardening, the initial and subsequent 
yield surfaces of the material [69]. The resulting contours of constant plastic work are 
given in Figure 5.13. The contours are plotted until a (von Mises) equivalent plastic 
logarithmic strain of 0.08. Notice that depending on the loading path, some specimens 
failed earlier than that. However, when considering that the logarithmic strain at uniform 
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elongation of this material under uniaxial tension is approx. 0.14, it can be seen that the 
proposed specimen design achieved relatively high strain levels before failure. 
 
 
Figure 5.11 – a) Schematic of the cruciform specimen testing machine, and b) photograph of 










Figure 5.13 – Contours of equal plastic work. 
 
Fitting the plastic work contours with the von Mises material model (see Figure 5.14a) 
indicates that the initial yield surface of the material can be captured quite adequately 
with this model. This is consistent with the findings reported in [84] from uniaxial tests in 
different directions in the plane of the sheet. However, as the plastic deformation 
accumulates, the plastic work contours do not evolve in a geometrically similar way, 
indicating that the material exhibits differential work-hardening [70]. Hence the plastic 
work contours increasingly deviate from the quadratic shape that the von Mises material 
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model predicts. For example, at an equivalent plastic strain of 0.03, the von Mises model 
predicts the two uniaxial and the equibiaxial path quite well. However, in between these 
paths the agreement of the model with the experiment deteriorates. Switching to a more 
advanced material model, such as the Yld2004-3D described earlier in Section 3a, allows 
for a significantly improved fit of the plastic work contours. This is shown in Figure 5.14b. 
The model is flexible enough so that by altering its anisotropy parameters, the plastic 
work contours can be very accurately fitted at any level of plastic deformation. The 
corresponding anisotropy parameters are given in Table 5.5.  
 
Figure 5.14a – Fitting of the plastic work contours using von Mises. 
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Table 5.5 - Anisotropy parameters of Yld2004-3D (k = 6) for DP 590 
 
!"# 0.003 0.007 0.012 0.02 0.03 0.04 0.05 0.065 0.08 ./01  1.3032 1.2964 1.3523 1.3155 1.3175 1.3240 1.2577 1.2036 1.1985 ./21  1.0191 1.0312 0.9193 1.0255 1.0348 1.0336 1.0824 1.1132 1.1390 .0/1  0.9043 0.9116 1.0221 0.9430 0.9115 0.9378 1.0349 1.0757 1.0999 .021  1.0464 1.0305 0.9212 1.0261 1.0364 1.0365 1.0600 1.0199 1.0323 .2/1  0.9431 0.9516 0.8455 0.9960 1.0162 1.0117 1.0007 0.9729 0.8931 .201  1.0102 1.0076 0.8482 0.9845 0.9720 0.9802 0.9233 0.9013 0.8379 .331  1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 .441  1.3000 1.3000 1.3000 1.3000 1.3000 1.3000 1.3000 1.3000 1.3000 .551  1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 ./011  0.6692 0.6527 0.6499 0.6875 0.6778 0.6974 0.8339 0.8216 0.8861 ./211  0.8919 0.9287 1.0308 0.9591 0.9611 0.9628 0.8996 0.9440 0.7976 .0/11  0.7758 0.8358 0.6133 0.8392 0.8596 0.8463 0.8047 0.8176 0.7490 .0211  0.9666 0.8942 1.1073 0.9576 0.9950 0.9792 0.9788 0.9550 0.9587 .2/11  1.0625 1.0099 1.1107 1.0093 0.9989 1.0220 1.0332 1.0162 1.0794 .2011  0.9103 0.9154 0.9420 0.9784 0.9723 0.9982 1.0638 1.1322 1.1172 .3311  1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 .4411  1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 .5511  1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
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5.7 SUMMARY AND CONCLUSIONS 
A cruciform specimen design that yields very accurate data for the constitutive 
identification of sheet materials and develops large strains was proposed. We began by 
enumerating seven performance criteria that we propose that an ideal cruciform specimen 
should satisfy and examined an elementary cruciform specimen design against them. The 
elementary specimen failed to satisfy most of the performance criteria set earlier. 
Numerous existing specimen designs showed large improvements over the elementary 
design; however, we found that there was still room for improvement. The specimen we 
propose consists of a reduced test-section, slotted arms and very sharp geometric 
features in between these. The accuracy of this specimen was assessed through 
numerical simulations using two materials (1018 steel and 2090-T3 aluminum), each 
represented with a different anisotropic material model (Hill’s 1948 and the Barlat et al. 
Yld2004-3D, respectively). A virtual experiment was performed to demonstrate the data 
reduction procedure. It was shown that the proposed specimen geometry yields very 
accurate data and reproduces very closely the two material models used in the 
simulations. In addition, it does not require an inverse calibration through finite element 
analysis in order to determine the stresses in the test-section.  
Subsequently, we applied this specimen design to the constitutive identification of a 
dual-phase steel (DP 590). We performed two uniaxial and seven biaxial radial loading 
paths in the 1st quadrant of the true stress space. The experiments revealed that the 
specimen design allowed the development of large plastic strains in the test-section 
before failure. Thus, it was possible to measure the evolution of the plastic work contours. 
The contours were fitted (under the assumption of isotropic hardening) with two material 
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models: the von Mises model captured the initial yielding of DP 590 very well. However, 
it failed to capture the evolution of the work contours due to differential work-hardening. 
On the other hand, a properly calibrated Yld2004-3D material model was able to 
represent all contours very accurately.  
In conclusion, the proposed specimen design was shown to yield very accurate data 
for constitutive identification. It was also shown to be capable of developing large strains 
in the test-section before failure. Furthermore, the stresses that developed in the test-
section were easily determined from remote load cell readings and strain measurements, 
without the need for an inverse finite element analysis or special testing equipment. On 
the other hand, its geometry implies that it can be cumbersome, and hence expensive, to 
manufacture. Furthermore, the specimen is not readily suitable for probing the failure of 
materials under biaxial stress. However, after a proper and accurate model for the 
anisotropic plastic flow of a given material is determined with the proposed specimen 




NON-LINEAR UNLOADING BEHAVIOR OF A 
BIAXIALLY LOADED DUAL-PHASE STEEL SHEET 
 
6.1 INTRODUCTION 
In the previous Chapter, we have developed a novel cruciform specimen for biaxial 
testing. This Chapter will be presented as an extension, in which the proposed specimen 
is utilized to probe the biaxial non-linear unloading behavior of a dual-phase steel DP 590. 
The objective is to establish a framework of material characterization and modeling for 
springback simulations in sheet metal forming processes.  
Springback occurs when the working piece is removed from the tooling. The material 
experiences loading and unloading, or in some cases reverse-loading, during this 
procedure. For many steels, the yielding stress and the stress-strain responses are 
asymmetric during loading and reverse-loading. This loading and reverse-loading 
asymmetry was firstly described as Bauschinger effect (BE) by Bauschinger [19] for 
wrought iron and mild steel. The BE is the reduction of yield stress when the loading 
direction reverses (e.g., from tension to compression). The majority of BE investigations 
involve uniaxial, simple shear, or torsional loading. The stress state in actual forming 
process, however, is demonstrated to be multiaxial in most of the cases. Thus a uniaxial 
experiment is only a first approximation for BE analysis. Among the limited multiaxial 
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studies, the biaxial unloading response of a mild and a dual-phase DP590 steel was 
reported by Andar et al. [3] using cruciform specimens. The work of Andar et al. [3] was 
limited to small strains due to limitations with the cruciform specimen used. The present 
work can be viewed as an extension of that work to larger strains, more relevant to 
industrial forming processes. 
The simplest possible experiment to assess the non-linear unloading of a material is 
a uniaxial tension test with periodic loading and unloading. A result typical for the dual-
phase steel considered in this study is shown in Figure 6.1. At first, as the plastically 
deforming material begins to unload, a blunt corner is recorded, see Figure 6.1b. 
Subsequently, the material unloads linearly, with the slope of this curve being identical to 
the initial elastic stiffness (i.e., the Young’s modulus). This can be explained from the fact 
that the elastic stiffness is a consequence of atomic bonding in the crystal lattice of the 
material. Soon after, the material response becomes non-linear. The strain recovered 
when the specimen is (macroscopically) stress-free will have a linearly-elastic and a non-
linear part (Figure 6.1b). Upon reloading, the material exhibits the same elastic stiffness 
as the undeformed material, again explained by atomic bonding, as above. The response 
soon becomes progressively more non-linear, until it reaches the levels of stress attained 
before unloading, whereupon it bends more noticeably and joins the material response 
as if no unloading had occurred.  
The objective of this work is to probe experimentally this behavior but for biaxial stress. 
states, that may be closer to the conditions experienced during plastic forming, and to 
establish a modeling framework that can predict this behavior. Uniaxial tension-
compression experiments and biaxial loading-unloading experiments using a custom 
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cruciform specimen geometry are described. In each case, the non-linear strain recovery 
is measured. Subsequently, the plastic anisotropy is assessed and the Yld2000-2D yield 
function [18] is calibrated. The tension-compression responses are represented with a 
combined isotropic/non-linear kinematic hardening model of the Chaboche family (e.g., 
Chaboche [28] and [29], Lemaitre and Chaboche [106]). The model includes shrinkage 
of the yield surface. Finally, the biaxial loading-unloading experiments are simulated and 
the predictions compared to the experiments. The work in this Chapter can be referred 
from [84]. 
 




Figure 6.1b - Zoom-in at an unloading-reloading loop, showing hysteresis, the linearly-elastic, 
non-linear recovery and plastic strains, and elastic properties discussed in this work. 
 
6.2 UNIAXIAL IN-PLANE TENSION-COMPRESSION TEST 
As a first step, the non-linear unloading and BE are assessed through a uniaxial 
tension-compression test, which lays the foundation for characterizing the nonlinear 
behavior under biaxial stress states next. The material tested is a commercially available, 
galvannealed dual-phase steel DP 590, supplied in the form of 2 mm thick sheets. The 
elastic properties and strain-rate dependency of this steel is discussed in Section 2.4 
APPENDIX B. These experiments were performed at the Tokyo University of Agriculture 
and Technology with the machine shown in Figure 6.2a and b, which is capable of 
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continuous in-plane stress reversals [98] and [95]. The functioning and capacity of this 
machine are reported in these earlier works. 
The specimens were machined along the rolling direction of the sheets, to the 
geometry shown in Figure 6.2c. The specimens were lubricated with Vaseline and 0.05 
mm thick Teflon sheets. The axial strain was measured with an electrical-resistance 
strain-gage (YFLA-2 from Tokyo Sokki Kenkyujo). The experiments were performed 
under displacement control, with the cylinder velocity being 0.3 mm/s. A blank-holding 
pressure of 5.4 MPa was applied to the specimen, which induced a through-thickness 
stress of less than 2% of the uniaxial yield stress of this material. Hence the loading in 
this test is, to a good degree of approximation, uniaxial. The friction between the specimen 
and the comb-shaped dies was measured by performing a test without placing a 
specimen in the machine. The force measured in that test is subtracted from the one 
measured during the actual experiments. In the work reported here, this procedure 
yielded a friction coefficient approximately equal to 0.02. Numerous experiments were 





Figure 6.2 – In-plane tension-compression testing apparatus [91]: a) configuration of the dies, 
b) overview of the testing machine, c) geometry of tension-compression specimen. 
 
 
6.3 BIAXIAL EXPERIMENTS – SPECIMEN, EQUIPMENT, TESTING PROCEDURE 
The material characterization and modeling under biaxial stress state will be 
performed in this section. The cruciform specimen and testing machine described in 
CHAPTER 5 were used to perform load-unload experiments along radial paths in the 1st 
quadrant of the plane stress space. Nine true stress ratios, i.e., 67: 69 	= 	1: 0, 5: 1, 2: 1,4: 3, 1: 1, 3: 4, 1: 2, 1: 5, 0: 1, were selected and are shown in Figure 6.3a. It can be seen 
that the paths were servocontrolled to be exactly linear. The specimens were periodically 
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unloaded and reloaded, until failure. The machine was programmed so that the stress 
ratio and the strain-rate during the unloading remained the same as that during loading. 
The induced strain paths are shown in Figure 6.3b. The strain paths were measured 
to be almost linear, which indicates that there are no drastic shape changes in the 
subsequent yield loci of this material, at least when probed along radial paths. However, 
the fact that they are not perfectly linear indicates that there is some yield loci shape 
distortion due to deformation-induced anisotropy, which will be discussed later in this 
paper. Also visible in the strain paths of Figure 6.3b are the periodic unloadings and 
reloadings, which at this level of observation appear as serrations in the strain paths. (The 
unloadings and reloadings are invisible in the stress space, as the stresses remained 
proportional throughout the experiments.) In the case when the material is deformed 
elastically, the strain ratio always maintains the same. Zooming in around the zeros strain 
reveals that these induced strain paths follow the same slope during the elastic loading-
unloading. An example is shown in Figure 6.3c in which the initial three loading-unloading 
strain branches are approximated by the parallel red lines. When the material yields, that 
ratio changes according to the local normal to the yield surface, so that a gentle gradual 
kink can be found in the strain paths around the origin. Upon unloading, the deformation 
becomes elastic, so that the strain ratio changes again, but this change is much more 
abrupt than initial yielding. This is what is observed as serrations in the strain paths of 





Figure 6.3a – Schematic of the experimental program reported in this work - radial 
(proportional) true stress paths prescribed.  
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Figure 6.3b - Schematic of the experimental program reported in this work - logarithmic strain 
paths induced. The strain paths are close to linear, as well.  
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Figure 6.3c - Schematic of the experimental program reported in this work - zoomed-in view 
of the induced strain responses for the first three loading-unloading branches. These 
branches are demonstrated to be linear and of the same slope. 
 
 
6.4 RESULTS FROM BIAXIAL EXPERIMENTS 
The recorded stress-strain responses along the RD (or =) and TD (or >) axes are 
shown in Figure 6.4a and b for a specific experiment along the 67: 69 	= 	4: 3 path. This 
experiment, which is representative of the entire population, will be now used to describe 
the experimental observations.  
The responses shown in Figure 6.4a and b are, essentially, the biaxial equivalent of 
Figure 6.1: the stresses are servocontrolled to remain at a fixed ratio throughout the 
experiment; and the corresponding strains are induced according to the local curvature 




Figure 6.4 – Stress-strain responses in the x- and y-directions of a typical load-unload 
experiment, viz. path 67: 69 = 4: 3. a) RD responses and b) TD responses. 
 
A closer examination of all the loading and reloading branches of the response is given 
in Figure 6.5a and b. In this figure, the branches were all shifted to start from the (0, 0) 
point. The initial (i.e., first loading) branch is seen to follow the elastic prediction of the 
orthotropic Hooke’s law, using the orthotropic elastic constants. However, and in contrast 
to some earlier observations, all the subsequent (i.e., reloading) branches likewise follow 
the same elastic prediction exactly. Also of interest is that past the first, linearly elastic 
response, the reloading branches are seen to follow a second linear slope, before 
becoming fully non-linear. This level of strain resolution in our experiments was facilitated 
by the use of electrical-resistance strain gages. While the exact transition between these 
three regions in the reloading slopes is difficult to pinpoint, the distinct existence of each 
is unmistakable. For the path presented here, the second slope is about 90% of the initial, 
linearly elastic prediction. Figure 6.5a and b also confirm the macroscopic observation 
from Figure 6.4a and b that the transition from a linear to the fully non-linear response is 
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very gradual in the first branch (i.e., initial loading) and becomes sharper and more 
pronounced in the subsequent reloading branches. 
 
 
Figure 6.5 – Loading and reloading branches recorded during the 67: 69 = 4: 3 experiment, all 
shifted to zero strain (a) RD responses, (b) TD responses. Shown is the prediction of 
orthotropic Hooke’s law, as well as the second linear slope recorded. 
157 
The unloading branches along the two directions are shown in Figure 6.6a and b (the 
branches have been shifted horizontally so that they are equispaced, and vertically so 
that they all appear to be unloading from the same initial level at the upper-side of the two 
plots). Each branch is terminated at the actual end of unloading in the experiment, i.e., at 
zero stress. The unloading branches show essentially the same features as the loading 
and reloading branches discussed just above. Past the rounded, viscoplastic response at 
the inception of unloading, as identified in Figure 6.1b, all branches follow the same 
orthotropic, linearly elastic prediction as the loading and reloading curves. The linearly 
elastic prediction is utilizing the orthotropic elastic constants. Beyond this, the unloading 





Figure 6.6  – Unloading branches recorded during the  67: 69 = 4: 3 experiment, shifted in 
strain so that they all appear equispaced. a) RD responses and b) TD responses. Shown is 
the prediction of orthotropic Hooke’s law (same as in the previous figure), as well as the 
second linear slope recorded. 
 
Since the experiments were not continued in the compressive stress side, the non-
linear parts of the unloading branches in Figure 6.6a and b are relatively limited. However, 
they distinctly indicate that the unloading response is more complex than what linear 
elasticity, even with the addition of orthotropy, would predict. To illustrate this point further, 
the linearly elastic and the non-linear strain recovery at the unloaded state, as identified 
schematically in Figure 6.1b, are plotted in Figure 6.7a and b with the prestrain before 
unloading, for all of the radial loading paths probed. As usual in this work, the data is 
plotted separately for each direction (RD or TD), i.e., shown are the tensor components 
rather than some equivalent norm of them. The linearly elastic strain components have in 
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essence the same shape as the flow curves in the two directions, scaled by the elastic 
constants per the orthotropic Hooke’s law. The strain recovery components show less 
variation with the prestrain. For the specific material tested (DP 590), they are about 1/5 
of the linearly elastic prediction that corresponds to the same prestrain. This is indicative 
of the error in springback prediction that a simulation with linearly elastic unloading would 
yield. Furthermore, it can be reasonably expected that for stronger steels (e.g., DP 980 
or 1180, etc.) as well as for materials with lower elastic moduli (e.g., aluminum and 
magnesium alloys), these fractions will be significantly higher ([59], [140] and [105]). 
The chord modulus has also been extensively used as a metric of the non-linear 
unloading of materials ([153] and [48]). In this work, the chord modulus is the slope of the 
line that connects the fully unloaded (zero external stress) state, with the stress state at 
the onset of unloading, neglecting the viscoplastic effect (see Figure 6.8a). The chord 
moduli for the x and y directions are given in Figure 6.8b and c for all the biaxial paths 
tested. In every case, there is a quick drop initially, before the chord modulus saturates 







Figure 6.7 – Measured elastic strain and non-linear strain recovery during the non-linear 
unloading, plotted against the prestrain before unloading. Included are the responses from all 







Figure 6.8 – a) Definition of the chord modulus, using the same unloading-reloading loop as 
Fig. 1b. b) Chord modulus in the RD measured in all the experiments and plotted against the 
plastic work at the onset of unloading. c) Chord modulus in the TD measured in all the 
experiments and plotted against the plastic work at the onset of unloading. In both directions, 
the chord modulus is seen to rapidly drop upon initial yield and then stabilize. 
 
6.5 COMBINED ISOTROPIC/NON-LINEAR KINEMATIC HARDENING MODEL 
The pure isotropic hardening assumption, where the yield surface of the material is 
expanding uniformly in every direction, is not appropriate to represent the BE and, as a 
result, to model springback. The reason is that no asymmetry in the loading and reverse 
loading responses is induced by this model during plastic deformation. Therefore, in this 
work, a non-linear kinematic hardening is adopted to capture the unloading and reverse 
loading response, i.e., by assuming that the yield surface translates along the plastic 
deformation. 
A rate-independent and associated flow-rule using the Yld2000-2D yield criterion 
(refer to Section 4.3) is adopted. In addition, motivated by our experimental observations, 
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we adopt a model for shrinking the size of the yield surface during forward loading. The 
combined isotropic/kinematic hardening framework is described in this section.  
 
6.5.1 YIELD SURFACE SHRINKAGE 
It is assumed that the plastic flow of the material occurs any time when there is 
deviation from proportionality in the response. The experimental results during unloading, 
as plotted in Figure 6.6a and b, indicate that the initial yield surface rapidly shrinks after 
the initial yield and then stabilizes to a constant shape. This behavior can be represented 
by assuming that the rate of change of the yield surface size is proportional to the current 
size [106], or: 
 ?@ A 	= 	B	 C − @ 	?A (6.1) 
where @(A) is the change in size of the yield surface, A is the equivalent plastic strain and B and C are the fitting constants. Integrating leads to a simple exponential decay-type law 
for the flow stress:  
 6G = 6" 	+ 	@ A 	= 	6" 	+ 	C	(1 −	IJK#) (6.2) 
where 6G  and 6"  are the flow stress and its initial value, respectively. Notice that this 






6.5.2 NON-LINEAR KINEMATIC HARDENING 
A 4-term Chaboche model is adopted in this study to represent the evolution of back-
stress during loading. In this model, the center of the subsequent yield surface, which is 
represented by the back-stress tensor LMN, is written in a sum of 4 terms as: 
 ?LMN 	= 	 	?LMN(O)3OP/  (6.3) 
where each of the 4 terms is provided by: 
 ?LMN(O) 	= 23	Q(O)	?!MN# 	−	R(O)	LMN(O)		?A		 (6.4) 
Since this model produces a back-stress in the out-of-plane direction, which is 
incompatible with the plane-stress yield function Yld2000-2D (see Section 4.3), the 
Ziegler modification of the Prager hardening rule ([162] and [77]) is adopted in this study 
and, Eq. (6.4) is then re-written as: 
 ?LMN(O) 	= Q O6ST (6MN − LMN(O)3OP/ )	?A	 −	R(O)	LMN(O)		?A		 (6.5) 
To enable the use of a non-quadratic yield function, the work-conjugate equivalent 
plastic strain increment is calculated directly from the definition of plastic work, i.e.: 
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 ?A	 = 6MN	?!MN#6ST 			 (6.6) 
where 6MN = 	6MN − LMN and the equivalent stress is computed from 6MN. Using Eq.(6.6) and 
the associated flow-rule, Eq. (6.5) can be written as: 
 ?LMN(O) 	= ?U6ST 	 VWV6XY 6XY ⋅ Q O6ST (6MN − LMN(O)3OP/ ) 	−	R(O)	LMN(O)  (6.7) 
where ?U is the plastic multiplier. 
 
6.5.3 CONSISTENCY CONDITION AND THE PLASTIC MULTIPLIER 
Plastic multiplier ?U or, equivalently, plastic tangent modulus ℎ can be determined for 
an arbitrary yield function using Prager’s consistency condition. Plastic flow implies 
throughout the loading that: 
 	W 6MN − LMN = 6" 	+ 	@ A  (6.8) 
Expanding in a Taylor series and keeping only first-order terms leads to the 
consistency condition, which can be written as: 
 
VWV6MN ?6MN 	+ 		 VWVLMN ?LMN = ?@ (6.9) 
Using the standard argument that VW VLMN = −VW V6MN and using Eq. (6.2) and (6.5), 
Eq. (6.9) can be solved for the plastic tangent modulus as:  
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ℎ = 16ST VWV6XY 6XY 	 VWV6MN Q O3OP/ 6MN − LMN6ST − R O 	LMNO3OP/ + B(C − @) 		 (6.10) 
The above equation contains terms that take into account for contribution to the plastic 
tangent modulus from both the isotropic and the non-linear kinematic hardening. The 
plastic multiplier can be then found as: 
 ?U = 1ℎ	 VWV6MN ?6MN (6.11) 
This plastic multiplier is used in the flow-rule, which is integrated using a forward-Euler 
scheme. The numerical algorithm is driven by the stress increment, in the same way as 
the experiments were performed. A very small stress increment of approx. 0.01 MPa was 
chosen, to ensure the accuracy of the forward-Euler scheme. However, since this is 
essentially a material-point calculation, the computational cost is minimal. The calibration 
of this model is described in the next section. 
 
6.6 CALIBRATION OF YLD2000-2D AND NON-LINEAR ISOTROPIC/KINEMATIC 
HARDENING MODEL 
6.6.1 CALIBRATION OF THE YLD2000-2D MODEL 
The experimental plastic work contours (Figure 6.9a) and their normals, which were 
determined earlier in Section 4.3, were fitted using the Yld2000-2D model. Exponent \ is 
assigned the value of 6 for steels and other BCC alloys [110]. Two of the anisotropy 
parameters (L], L^) are related to shear anisotropy. As in this investigation the principal 
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loading and material orthotropic directions coincide, the shear anisotropy cannot be 
probed and is neglected, hence L] = L^ = 1. It can be noticed from Figure 6.9b that the 
shape of the work contours changes with plastic deformation. However, this evolution is 
mild and as a result of that a single calibration (i.e., a single set of L/, …L^ ) was sufficient 
to represent the evolving loci. The orthotropic parameters are collected in Table 6.1 and 
the resulting work contours are compared to the experimental ones in Figure 6.10, 
showing a very good agreement. The von Mises predictions are included (dashed line) to 
demonstrate their deficiency in representing this material.  
As it was highlighted previously ([86] and [88]), the critical feature for accurate 
predictions of plastic flow and the eventual localization of deformation is the agreement 
not only in the fitted contours, but also in the predicted plastic strain directions to the 
experimental ones. This aspect of the performance of the Yld2000-2D model is presented 
in Figure 6.11. The Yld2000-2D model predictions are superior to those of the von Mises 
one, at both levels of plastic deformation, despite the mild anisotropy exhibited by this 
dual-phase steel (Figure 6.10). 
Table 6.1  – Orthotropic parameters for Yld2000-2D model 
L/ L0 L2 L3 L4 L5 L] L^ 









Figure 6.9 – a) Plastic work contours measured from all biaxial experiments and b) 
normalized plastic work contours, revealing differential work-hardening. Included is the von 
Mises ellipse, for comparison purposes. Here, !#` is the true plastic strain in uniaxial tension 
along the RD. 
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Figure 6.10 – Experimental plastic work contours and theoretical predictions using the von 
Mises and Yld2000-2D yield criteria. The material exhibits mild plastic anisotropy, which is 
captured very well by the Yld2000-2D model. Here, !#` is the true plastic strain in uniaxial 










Figure 6.11 – Direction of plastic strain-rates measured at !"#=0.003 and 0.04, and theoretical 
predictions by the von Mises and Yld2000-2D model, with the latter capturing the experiments 
better than the former. 
 
Directly tied to the fitting of the plastic work contours and the plastic strain directions 
are the predictions of the induced strain paths, as shown earlier in Figure 6.3b. Those 
results are now re-illustrated in Figure 6.12a and b including both experiments data and 
the material model predicted data. The agreement between the experiments and the von 
Mises model (Figure 6.12a) is acceptable, particularly for some paths at 1:1, 1:2, 0:1, etc., 
which is excellent. However, its predictions are deficient for stress paths close to the 2 
uniaxial ones (e.g., 5:1 and 1:5). In contrast, the predictions of the Yld2000-2D model are 




Figure 6.12 – Induced true strain paths measured from the biaxial experiments, compared 
with those calculated by using a) the von Mises and b) the Yld2000-2D yield functions. The 
latter offers excellent agreement with the experiments. 
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6.6.2 CALIBRATION OF THE NON-LINEAR ISOTROPIC/KINEMATIC HARDENING MODEL 
The calibration of the 10 parameters (B , C , {Q(M) , R(M) , a = 1, 4}) of the combined 
isotropic/kinematic hardening model is described in this section using the uniaxial tension-
compression test data and the calibrated model is then used to simulate the biaxial load-
unload tests. For uniaxial experiments, the specimens were first loaded in tension to a 
fixed true prestrain (here, 0.01, 0.02, 0.04, 0.06, 0.08, 0.1) and then unloaded and 
reverse-loaded in compression until zero strain. These experiments are shown in Figure 
6.13 in open circles. The reverse-loading branches exhibit work-hardening stagnation, as 
it is a typical behavior for a dual-phase steel ([153] and [159]).  
As a first step, the size of the linear response at six unloading branches (which was 
assumed to correspond to the size of the subsequent yield surface) was recorded, as 
given in Table 6.2. It is seen that the size of the yield surface rapidly shrinks as the plastic 
deformation commences and then remains constant at higher levels of plasticity. Those 
data were then used to calibrate the isotropic hardening parameters, which resulted in B = 216 and C = −140	bcd. The agreement between the experimental results and the 
model predicted results (Eq. (6.2)) is given in Figure 6.14. It can be concluded that, for 
this material, this simple model is sufficient for capturing the hardening behavior. 
Naturally, detecting deviations from proportionality (which is the yielding definition 
adopted in this work) requires the resolution of very small strains, which gives rise to the 






Figure 6.13 – Measured and simulated stress-strain responses from the uniaxial tension-
compression experiments. Simulated responses use the Chaboche model with a) von Mises 
and b) Yld2000-2D yield criteria and a shrinking yield surface. 
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Table 6.2  – Current size of the yield surface with plastic deformation 
Plastic strain 0 0.0077 0.0180 0.0374 0.0572 0.0767 0.0963 
Radius of YS 




Figure 6.14 – Measured shrinkage of the yield surface from a uniaxial experiment and 




Secondly, the kinematic hardening parameters (Q(M), R(M), a = 1, 4) were calibrated by 
fitting the uniaxial tension-compression experimental data in Figure 6.13 using an in-
house developed optimization code based on the non-linear regression method. Further 
manual adjustments were performed for some of the prestrain levels, to improve the 
quality of the fit. It is worth noting that: 1) two different sets of (Q(M), R(M), a = 1, 4) were 
used for loading and unloading, due to their distinctive responses; 2) only a single value 
for Q(M), R(M), a = 1, 4 was adopted for loading in tension, whereas different values were 
used depending on the prestrain for Q(M), R(M), a = 1, 4 during the unloading and reverse-
loading, to better capture the non-linear unloading response. Since Eqs. (6.7), (6.9), 
(6.10) and (6.11) contain derivatives of the yield function, different sets of (Q(M), R(M), a =1, 4)  in 1) and 2) above were calibrated for the von Mises and Yld2000-2D models. The 
calibrated parameters are collected in Table 6.3 and Table 6.4. In biaxial cases, when the 
prestrain falls between the preset values of the uniaxial experiments, linear interpolation 
of (Q(M), R(M), a = 1, 4) is performed. 
Both non-linear isotropic/kinematic hardening model predicted data (shown as solid 
lines) and the uniaxial tension-compression experimental data (shown as open circles) 
are presented in Figure 6.13a and b. The agreement is very good, justifying the selection 
of a 4-term kinematic hardening model. In particular, the model is able to capture two 
extreme effects: 1) the 2nd linear slope for the biaxial experiments as shown in Figure 6.5 
and 2) the work-hardening stagnation. In order to capture both effects, therefore, the use 




Table 6.3 – Parameters for isotropic/kinematic hardening model using von Mises yield criterion (‘-»-’ indicates ‘same as above’) 
Loading direction !(#) !(%) !(&) !(') ((#) ((%) ((&) ((') 






1% 77,225.7 712,909.3 2,032.2 35,778.5 951.9 5,323.5 43.3 170.7 
2% -»- -»- -»- -»- -»- -»- -»- -»- 
4% -»- -»- -»- -»- -»- -»- -»- -»- 
6% 97,225.7 -»- -»- -»- -»- -»- -»- -»- 
8% 117,225.7 -»- -»- -»- -»- -»- -»- -»- 






Table 6.4  – Parameters for isotropic/kinematic hardening model using Yld2000-2D yield criterion 
Loading direction !(#) !(%) !(&) !(') ((#) ((%) ((&) ((') 






1% 9,984 36,032 9,715 7,567 1,100 6,036.8 1,332.7 5,899 
2% 68,226 712,909 2,032 35,779 952 5,323.5 13.3 221 
4% 73,226 -»- -»- -»- -»- -»- 43.3 202 
6% 74,026 -»- -»- -»- -»- -»- -»- 171 
8% 93,226 -»- -»- -»- -»- -»- -»- -»- 






6.7 PREDICTIONS OF NON-LINEAR STRAIN RECOVERY IN THE BIAXIAL LOAD-
UNLOAD TEST 
The constitutive model created for this material consists of an associated flow-rule 
with an anisotropic yield function (Yld2000-2D) as the plastic potential and a combined 
isotropic/kinematic hardening rule. Also available is this model with a von Mises yield 
function. The model is now used to replicate the biaxial loading-unloading experiments, 
with the objective of predicting the non-linear strain recovery shown in Figure 6.7a and b. 
The results are shown in Figure 6.15a and b (von Mises model) and Figure 6.16a and b 
(Yld2000-2D model).  
The linearly elastic strains shown in those figures are, in essence, the ones predicted 
by the biaxial orthotropic Hooke’s law. Recall that the strain paths predicted from the von 
Mises model are generally close to those from the experiments for most of strain paths, 
while the Yld2000-2D model provides very good agreement for all paths (see Figure 6.12a 
and b). On the other hand, since the stress state was controlled in the experiments, the 
stress state predictions coincide with the experiments by construction. These two 
observations are reflected in Figure 6.15 and Figure 6.16, where the von Mises model 
captures the linearly elastic strains for some paths well with a few misses, while the 
Yld2000-2D predictions are close to the experiments for all paths. 
On the other hand, the non-linear strain recovery predictions with the two yield 
functions do not exhibit any noticeable difference, which is due to the fact that these 
strains are essentially the result of the non-linear kinematic hardening model used. Recall 
that the Chaboche model was able to provide a perfect matching of the uniaxial tension-




Figure 6.15 – Measurements of the linearly-elastic and non-linear strain recovery and 
predictions using the Chaboche model with the von Mises yield criterion. a) RD responses 




Figure 6.16 – Measurements of the linearly-elastic and non-linear strain recovery and 
predictions using the Chaboche model with the Yld2000-2D yield criterion. a) RD responses 
and b) TD responses. 
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observed from Figure 6.15 and Figure 6.16 that not only the strain paths predicted by the 
von Mises or Yld2000-2D yield functions are comparable but also the predicted 
corresponding non-linear strain recovery are comparable. Those results establish the fact 
that when the strain paths can adequately represented by the plastic anisotropy model 
employed and the tension-compression response can be captured well with a non-linear 
kinematic hardening model, the non-linear strain recovery predictions would be close to 
the actual ones. 
 
6.8 SUMMARY AND CONCLUSIONS 
The non-linear unloading of a dual-phase steel from a biaxial stress state was probed 
experimentally and a constitutive model capable of reproducing the experiments was 
created. The material investigated was a 2 mm thick galvannealed DP590 steel. This 
material was found to be elastically orthotropic. 
The biaxial loading-unloading behavior of this steel was probed using cruciform 
specimens with a custom geometry that allowed large and uniform plastic strains to 
develop in the test-section while the arms remained elastic. For example, in those 
experiments, the plastic strains often reach between 12 and15% without failure. The 
biaxial experiments were performed under radial paths in the true stress space using the 
procedure detailed in ISO 16842 [75]). Two uniaxial and 7 biaxial strain paths in the 1st 
quadrant of the plane-stress space were investigated. The major conclusions from the 
experimental investigations are: 
• The induced logarithmic strain paths are almost linear, indicating only limited 
amount of deformation-induced anisotropy. 
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• The responses match the (orthotropic) elastic prediction initially, followed by a 
second linear response before becoming fully non-linear.  
• The non-linear strain recovery is about 1/5 of the linearly elastic strain for this 
material. 
• The chord moduli for the x and y directions exhibit a quick drop initially, but 
eventually saturate to values not less than ~90% of the initial ones. 
The biaxial experiments were used to construct contours of constant plastic work and 
a material model using an associated flow-rule with a non-quadratic yield function as the 
plastic potential and a combined isotropic/non-linear kinematic hardening rule was 
calibrated using the experimental results. The major findings of the modeling work are: 
• The plastic work contours exhibit a limited amount of differential work-hardening.  
• The Yld2000-2D model predicts the induced strain paths with almost perfect 
agreement across the board.  
• The yield surface shrinks with increasing plastic deformation, which can be 
described with a simple exponential decay model with two parameters.  
• A 4-term Chaboche model using the Prager kinematic hardening rule with the 
Ziegler modification is used to represent the evolution of back-stress during 
loading.  
• The 10 parameters of the combined isotropic/kinematic hardening rule are 
calibrated using uniaxial tension-compression experimental data.  
• A single set of parameters can be used to describe loading. However, different 
parameters have to be used represent the unloading at different prestrain levels.  
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This calibrated material model was then used to replicate the biaxial unloading 
experiments. In particular: 
• The prediction of the linearly elastic strains by the Yld2000-2D model is uniformly 
very good, while the predictions using von Mises show some deficiencies.  
• In contrast, the quality of the non-linear strain recovery predictions is comparable 
between the two yield functions. This is attributed to the fact that  the strain 
recovery is essentially produced by the non-linear kinematic hardening model, as 
exhibited in the uniaxial tension-compression fitting. 
It is concluded that the use of 
• a yield function that adequately represents the anisotropic plastic flow of the 
material, and, 
• a non-linear kinematic hardening model that can capture well the uniaxial tension-
compression response, 
is capable to provide reasonable estimates of the non-linear strain recovery for this 
dual-phase steel sheet. This framework ensures that the stress and strain states at the 
onset of unloading will be close to the experimental ones, and that the non-linear 
character of the unloading will be adequately captured. 
In the future, it is intended to expand this work to consider non-proportional loading-
unloading from a biaxial stress state, utilizing the biaxial loading frame described by 
Wilson et al. [150] and Deng et al.[40]. Furthermore, it would be also interesting to 
examine some of those materials with strong anisotropy to determine if the predictions of 








SUMMARY, CONCLUSIONS AND                                    
FUTURE WORK 
 
It is well-known that the accuracy of the finite element analysis is heavily relied on the 
correct material model and associated material model parameters. It is important that the 
mechanical behavior of material is accurately characterized using the right experimental 
techniques, and the material models are properly built or calibrated based on the 
experimental data. In this thesis, a series of experimental techniques were utilized to 
characterize mechanical properties of automotive sheet metals. These testing methods 
range from typical uniaxial tests using DIC or electrical resistance strain-gauges to 
customized multiaxial testing using cruciform specimens. Several steels, such as 
conventional deep-drawing steel DQSK, the advanced high strength steels such as DP 
590/980/1180 and ultra-high strength steel MS 1700, were selected in this study. The 
elastic and plastic anisotropy, uniaxial and multi-axial yielding behavior, hardening 
characteristics etc. of these materials were investigated and characterized and the 
framework of material modeling was established. The discoveries and findings from this 
thesis work would be beneficial to the automotive industry by bringing better 
understanding on the fundamental principles of material characterizations and modeling 
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and by providing better data and material models to resolve manufacturing issues in the 
sheet metal forming process, which would accelerate the use of advanced and ultra-high 
strength steels in the automotive industry to achieve safer, more fuel-efficient and 
environmentally more friendlier vehicles. Based on the above studies, the major 
discoveries and conclusions are summarized in this Chapter. 
 
7.1 ELASTIC AND PLASTIC ANISOTROPY OF AUTOMOTIVE STEEL SHEETS 
The elastic (Poisson’s ratio and Young’s modulus) and plastic (R-value) properties 
were investigated for five automotive steel sheets. Measurements were taken at every 
15o with respect to the rolling direction of the metal sheets. Young’s modulus, Poisson’s 
ratio and R-value were found to be orientational dependent. The orthotropic elasticity 
theory was adopted to predict the measured elastic anisotropy. The major findings are as 
follows: 
• The elastic (Poisson’s ratio and Young’s modulus) and plastic properties (R-value) 
are demonstrated to be anisotropic in the plane of the sheet. 
• The Poisson’s ratio was measured from a 4-point bending test. The Young’s 
modulus and R-value were obtained from a uniaxial tension test. Electrical 
resistance strain-gauges were used for Poisson’s ratio and Young’s modulus 
measurement. The Digital Image Correlation was used in measurement of R-
value. 
• The Poisson’s ratio, Young’s modulus and R-value were systematically fitted in a 
certain linear regime for all the experiments. 
• The Poisson’s ratio and R-value follow the same directional variation from the 
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rolling towards the transverse direction, whereas the Young’s modulus follows the 
opposite trend. 
• The elastic modulus was demonstrated to degrade as the plastic deformation 
accumulates. The degradation rate of the elastic modulus was found to be 
relatively large at the initial deformation and then tended to saturate as deformation 
continued. 
• A plane-strain condition was successfully created in the testing region of the plane-
tension specimen. Stress at the center point was corrected using finite element 
analysis. 
• The plastic work contours were constructed experimentally and then fitted by von 
Mises, Hill’ 48 and Yld2000-2D yield functions.  
• The orientational variation of elastic properties observed in the experiments can 
be well-predicted using orthotropic elasticity. The predictions on the other hand are 
very sensitive to the value of shear modulus adopted. 
In summary, this part of the thesis has established the elastic and plastic anisotropy 
of steels typical for auto-body applications. 
 
7.2 CRUCIFORM SPECIMEN DESIGN AND VALIDATION 
A cruciform specimen was proposed for characterizing the plasticity of sheet metals. 
Main features of the proposed specimen include slots on the loading arm, sharp radius 
transition between neighboring arms, thickness reduction in the test region and step 
transition from loading arm to the testing pocket. It is first validated in the numerical 
simulation that the specimen is capable of recovering the plasticity that was input to the 
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material. Then, the uniformity of the strain distribution was assessed using the Digital 
Image Correlation strain measurements. Conclusions for this work can be summarized 
as follows: 
• The elementary specimen failed to satisfy most of the cruciform design criteria thus 
cannot be used in constitutive modeling for sheet metals. 
• A virtual experiment was performed in the numerical simulations to access the 
performance of the specimen. Two typical anisotropic material models (Hill 1948 
and Barlat et al. Yld2000-3D) were adopted for numerical simulations. It is 
demonstrated that the constitutive models input to the specimen can be accurately 
reproduced using the proposed specimen. 
• The stress calculation in the test region is simple and straightforward for the 
proposed specimen. It does not require an inverse calibration through finite 
element analysis. 
• The proposed specimen is capable of developing large strain before failure, which 
can be beneficial when the material plasticity is probed at large plastic deformation. 
• The in-plane strain fields were acquired in the biaxial tests using Digital Image 
Correlation. It is observed that the shear strain component developed is limited. 
The strain distribution is demonstrated to be uniform across the testing region, with 
minor random variation due to the speckle pattern used for Digital Image 
Correlation and thickness non-uniformity which was introduced from the 
manufacturing process. 
In summary, this part of the thesis has established a cruciform specimen geometry 
that can achieve large strains and can unambiguously determine the stress fields in 
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the test-section, using only remote measurements of the applied forces, and local 
measurements of strain.  
 
7.3 NON-LINEAR UNLOADING BEHAVIOR OF A BIAXIAL LOADED DUAL-PHASE 
STEEL SHEET 
The non-linear unloading behavior of a dual-phase steel was probed under biaxial 
stress states using the cruciform specimen described above. That design allowed large, 
uniform plastic strains to be developed in the test-section. Seven prescribed true stress 
conditions were performed which covers the 1st quadrant of the in-plane stress space. 
The non-linear unloading behavior was further modeled using 4-term combined 
isotropic/kinematic hardening model. An anisotropic yield function was incorporated into 
the hardening model to further improve the accuracy of predictions. Major discoveries and 
conclusions for this work are stated as follows: 
• As shown in the plastic work contour constructed from the experiment, the dual-
phase steel DP 590 tested exhibits limited differential work hardening. 
• The non-linear strain recovery was about 1/5 of the linearly elastic strain for the 
material tested. The predictions of the linearly elastic strains by Yld2000-2D is 
uniformly good, while the predictions using von Mises shows some deficiencies. 
• The chord moduli on x- and y-direction were found to be degrading with the plastic 
deformation. The drop is more significant at the initial loading, then it tends to 
saturate as more plastic strain develops. 
• A 4-term Chaboche model based on the Prager kinematic hardening rule with the 
Ziegler modification was used to represent the evolution of the back-stress during 
loading. The kinematic hardening model was calibrated using the uniaxial tension 
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compression test data then used to predict the biaxial non-linear unloading 
responses. The non-linear character of the unloading was adequately captured by 
the calibrated model.  
• The induced strain paths were almost linear which indicates that only limited 
amount of deformation-induced anisotropy was developed. The induced strain 
paths were well-predicted using anisotropic yield function Yld2000-2D.  
In summary, the proposed work in this thesis is perhaps the first time to use a non-
linear kinematic hardening model to capture the non-linear unloading from a multiaxial 
stress state.  
 
7.4  FUTURE WORK 
As several subjects have been explored, it is desirable to further extend the current 
research. Below is a list of topics envisioned for future work: 
• Elastic anisotropy and springback: the effect of elastic anisotropy on springback 
should be assessed and can be done by performing experiments such as U-
channel drawing and V-die bending tests using specimens prepared in various 
orientations cut. A correlation study should then be carried out between the amount 
of springback measured in the experiments to the elastic anisotropy of the parent 
sheet. Then, the orthotropic elasticity model may have to be implemented in the 
FEA to capture the elastic anisotropic effect on springback.  
• Time-dependency of elastic modulus recovery: it is found from Chapter 2 that the 
elastic modulus degrades with the plastic deformation. However, for one of the 
dual-phase steels, DP 1180, some of the degraded elastic modulus was recovered 
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after the specimen rested for a certain amount time (order of one to a few days). 
Thus, systematic and time-controlled experiments should be performed to 
investigate the time-dependence of the modulus recovery.  
• Correlation of the plane-strain tension test (CHAPTER 4) with the cruciform 
specimen test (CHAPTER 5): Although the cruciform test is a better test to 
replicate the plane-strain tension loading condition its specimen is more complex 
to be produced and its test requires specialized testing equipment to produce the 
plane strain condition. On the other hand, the specimen in the plane-strain tension 
test is more economical to be produced and the test can be run on a universal 
testing machine. However, as described in CHAPTER 4, the plane strain test only 
approximates the plane-strain tension loading condition. It is proposed to directly 
compare the results from the two tests on the same sheets to validate the post-
processing procedure described in CHAPTER 4. A first step in that direction was 
reported in [40]. 
• Biaxial unloading behavior: to validate if the Chaboche type combined 
isotropic/kinematic hardening model with an anisotropic yield function can be used 
to model other materials with stronger anisotropy and/or higher flow stress (e.g., 
DP 1180, MS 1700) and/or more non-linear unloading (e.g., [60]). 
• Detection of plastic yielding/re-yielding using the thermoelastic cooling technique: 
The exact yielding point is difficult to be determined or detected from the stress-
strain curve. It is known that the elastic deformation does not preserve the volume 
for metals, but it causes a temperature change of sign when the direction of the 
applied stress changes [133]. On the other hand, plastic yielding leads to heat 
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dissipation and introduces deformation-induced heating of the specimen. Thus, the 
plastic yielding or re-yielding at the initial loading or during the unloading can be 
detected using thermographic tools such as infrared camera. Currently the infrared 
camera has been successfully integrated into the Digital Image Correlation system. 
This integrated measurement system provides direct measurements in strain, 
stress and temperature and the temperature data may be used to accurately 
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TRANSVERSE SENSITIVITY OF STRAIN GAUGES 
 
The transverse sensitivity should be considered in measurement applications where 
the strain field and/or test material do not match that which was used during gage factor 
calibration. Either it should be demonstrated that the error associated with transverse 
sensitivity is negligible and can be ignored, or if not negligible the proper correction should 
be made. Technically, the transverse sensitivity should be studied when the strain gauge 
is: 
• Installed on a material with a different Poisson’s ratio on which the manufacturer’s 
gauge factor, F, was measured (usually 0.285). 
• Installed on steel, but subjected to other than a uniaxial stress state. 
• Installed on steel with a uniaxial stress state, but aligned with other than the 
maximum principal stress, or the strain gauge exhibits a transverse-sensitivity error 
which may require correction. 
Despite that the effect of transverse sensitivity is very small comparing to the strain 
we measured in the real experiment (see also Chapter 12.4 in [136]), it is necessary to 
do a thorough study on it. 
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In general, a strain gauge has two gage factors, "# and "$, which, respectively, are 
axial and transverse gauge factor along the grid direction. Based on the strain gauge 
knowledge, 
 ∆&& = "#(# + "$($ = "#((# + +$($) (A.1) 
where +$ is the transverse sensitivity which is defined as: 
 +$ = "$"# ×100% (A.2) 
Consider that the strain gauge is calibrated in a uniaxial stress field on a material with 
Poisson’s ratio of 12, 
 ($ = −12(# (A.3) 
Substituting Eq. (A.3) into (A.1),  
 Δ&& = "#(#(1 − 12+$) (A.4) 
Strain-gauge manufacturers commonly write the relationship between the variation of 
resistance and strain as 
 Δ&& = "( (A.5) 
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where "  is the announced manufacturer’s gage factor, which is deceptive in 
appearance. In reality,  
 " = "#(1 − 12+$) (A.6) 
When the strain gauge is installed on a specific testing material, Eq. (A.4) could be 
generalized by replacing the specific 12 by a generic 1, 
 Δ&& = "#(#(1 − 1+$) (A.7) 
Solving Eq. (A.6) for "# and then substituting into Eq. (A.7), we have 
 
Δ&& = "((1 − 12+$)1 − 1+$  (A.8) 
The working mechanism of all Wheatstone bridges is defined by the following 
relationship: 
 Δ&& = "(4 (A.9) 
In which (4  is the displayed or recorded strain. Equating  (A.8) and  (A.9) and 
rearranging, 
 ( = (4 1 − 12+$1 − 1+$  (A.10) 
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This equation can be extended into a broader application conditions – for a strain 
gauge oriented at any angle, in any strain field and on any material. Consider: 
 1 = − ($(# (A.11) 
Where ($  and (#  are the actual strains parallel and perpendicular to the primary 
sensing axis of the gage. Substituting Eq. (A.11) into  (A.10), 
 ( = (4 1 − 12+$1 + ($(# +$ (A.12) 
This is the relationship between the recorded/displayed strain ( and actual strain (4 
for a strain gauge oriented at any angle, in any strain field, on any material. The 
associated error due to the transverse sensitivity can be expressed as: 
 5 = (4 − (( = +$(($(# + 12)1 − 12+$  (A.13) 
Let’s further quantify the error induced by transverse sensitivity by considering the 
following two uniaxial tensile tests.  
I. The loading axis (direction of principal stress) is aligned with the strain gauge grid. 
II. The loading direction is transverse to the strain gauge grid. 
The testing material and strain gauge specifications are: 
• A plastically deformed strip specimen. 
• 1 = 0.32, known Poisson’s ratio for the testing material. 
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• +$ = (+0.5 ± 0.2)%, for EA-06-125AC-350/W type strain gauge. 
• 12 = 0.285, Poisson’s ratio for the gage factor calibration beam. 
For the sake of comparison, assume the same strain (0.1=10%) were obtained in the 
two cases. In other words,  (#,4 = 0.1 , ($,4 = 0.1 , indicated/displayed/recorded strain 
obtained in the test ((#,4 = 0.1 , the first subscript ‘a’ means axial strain, second subscript 
‘i’ represents indicated strain). 
For case I, using Eq. (A.13), the actual strain could be calculated as: 
If it is only elastically deformed, =>=? = −1 = −0.32: 
(#,# = (#,4 1 − 12+$1 + ($(# +$ = (#,4× 1 − 0.285×0.0051 − 0.32×0.005 ≈ 1.00018×(#,4 
If it is plastically deformed, =>=? = −0.48: 
(#,# = (#,4 1 − 12+$1 + ($(# +$ = (#,4× 1 − 0.285×0.0051 − 0.48×0.005 ≈ 1.00098	×(#,4 
The actual strain in this case is very close to the indicated value 10%. Using Eq. 
(A.13), the max. error is about 0.018% in the elastic range (very small!) and 0.098% in 
the fully plastic range.  
By the same token, the actual strain in case II is calculated as: 
If it is only elastically deformed, (=>=? = − DE = −3.125): 
212 
($,# = ($,4 1 − 12+$1 + ($(# +$ = ($,4× 1 − 0.285×0.0051 − 3.125×0.005 ≈ 1.014425×($,4 
If it is plastically deformed, =>=? = −1/0.48 = −2.08333: 
($,# = ($,4 1 − 12+$1 + ($(# +$ = 0.1× 1 − 0.285×0.0051 − 1/0.48×0.005 ≈ 1.009086×($,4 
Similarly using Eq. (A.13), the max. error is about 1.44% in the elastic range and 
0.909% in the fully plastic range. In this case, it is good practice to correct the Poisson 





ELASTIC PROPERTIES AND STRAIN-RATE 
DEPENDENCE OF DP 590 STEEL 
 
The elastic properties of the DP590 sheet were measured using pure-bending and 
uniaxial tension experiments instrumented with electrical-resistance strain-gages. Pure-
bending was performed first, to determine Poisson’s ratio. With that property known, the 
elastic modulus was then determined. The procedure is described in CHAPTER 2. 
The pure-bending specimens were rectangular strips (140 mm x 13 mm). A standard 
4-point bending fixture with 50.8 mm central span and 101.6 mm overall span, per the 
ASTM D790 standard was used. The experiments were performed at a 5 x 10-5 /s 
nominal bending strain-rate. It was found that the Poisson’s ratio in the RD and TD 
directions is slightly, but systematically different, as listed in see Table B.1). 
The uniaxial tension experiments used specimens of 32 mm uniform section and 25 
mm gage length (ASTM E-8, subsize specimen). They were instrumented with two biaxial 
strain gages, one each on the front and back of the specimen, providing both temperature- 
and bending-compensation. The experiments were performed under a nominal 
extensional strain-rate of 10-3 /s. The TD elastic modulus was found to be is about 5% 
greater than the RD one (see Table B.1).  
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The rate-dependence of the DP 590 steel sheet was assessed by the strain-rate jump 
experiment [118]. Two specimens in each direction (RD, TD, 45 deg.) were loaded in 
tension on the MTS frame. Step (or jump) changes were prescribed for the actuator 
velocity so that the strain-rate changed by one or two decades, between 10-4 /s and 5 x 
10-2 /s (see Table B.2). A simple power-law model was then calibrated at each jump, as 
described in [118]: 
 
HIHD = 	 (I(D J (B1) 
where the subscripts ‘1’ and ‘2’ denote the states before and after the jump. The strain-
rate sensitivity exponent K was found to vary between 0.006 and 0.008, depending on 
the jump considered (see Table B.2). No systematic difference between the three 
specimen orientations was observed. In every case, the strain-rate sensitivity of the DP 
590 steel was found to be limited, as in other investigations (e.g., [141]). This conclusion 
will allow us to directly compare data from different experiments with slightly different 










Table B.1 – Elastic properties of DP 590 
Orientation Spec # Poisson’s ratio 1 Young’s modulus (GPa) 
RD 
1 0.2726 198.59 
2 0.2716 193.19 
3 0.2679 203.05 
4 - 204.86 
TD 
1 0.2802 209.91 
2 0.2777 214.90 
3 0.2771 210.45 
 
Table B.2 – Strain-rate sensitivity of DP 590 (from jump test) 
Orientation # of jump HD (MPa) HI (MPa) (D (1/s) (I (1/s) m 
RD 
1 634 645 0.001 0.01 0.00761 
2 766 791 0.0005 0.05 0.00709 
450 
1 476 491 0.0001 0.01 0.00674 
2 693 714 0.0005 0.05 0.00657 
TD 
1 529 547 0.0001 0.01 0.00727 
2 683 709 0.0005 0.05 0.00786 
 
